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ABSTRACT

M. Th. van Genuchten and W. J. Alves. 1982. Analytical
Solutions of the One-Dimensional Convective-Dispersive Solute
Transport Equation. U.S. Department of Agriculture, Technical
Bulletin No. 1661, 151 p.

This compendium 1lists available mathematical models and
associated computer programs for solution of the one-dimen-
sional convective-dispersive solute transport equation. The
governing transport equations include terms accounting for
convection, diffusion and dispersion, and linear equilibrium
adsorption. In some cases, the effects of zero-order produc-
tion and first-order decay have also been taken into account.
Numerous analytical solutions of the general transport equation
have been published, both in well-known and widely distributed
journals and in 1lesser known reports or conference proceed-
ings. This study brings together the most common of these
solutions in one publication.

Some of the listed solutions have been published previously.
Many others, however, were not available and have been derived
to make the 1list of solutions more complete. User-oriented
FORTRAN IV computer programs of several analytical solutions
and one numerical solution are given in an appendix. A list of
Laplace transforms used to derive the analytical solutions is
provided also.
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Analytical Solutions of the One-Dimensional
Convective-Dispersive Solute Transport Equation

By M. Th. van Genuchtenand W. J. Alves '

1. INTRODUCTION

The rate at which a chemical constituent moves through soil is
determined by several transport mechanisms. These mechanisms
often act simultaneously on the chemical and may include such
processes as convection, diffusion and dispersion, linear equi-
librium adsorption, and zero-order or first-order production
and decay. Because of the many mechanisms affecting solute
transport, a complete set of analytical solutions should be
available, not only for predicting actual solute transport in
the field but also for analyzing the transport mechanisms
themselves, for example, in conjuction with column displacement
experiments.

This publication lists mathematical models and several computer
programs for solution of the one-dimensional convective-
dispersive solute transport equation. Numerous analytical
solutions of this equation have been published in recent years,
both in well-known and widely distributed scientific journals
and in lesser known reports and conference proceedings. This
publication brings together the most common of these solutions
in one publication.

Several of the listed solutions have been published previously.
Many others, however, are new and were derived to make the list
of solutions more complete. User—oriented FORTRAN IV computer
programs of several analytical solutions are given in an appen-
dix. All programs were successfully tested on an IBM 370/155
computer. Furthermore, results of each program were compared
with results based on a numerical solution of the governing
transport equation; this was done to check the programming
accuracy of each solution. Card-deck copies of all computer
programs, including those listed in appendix B, are available
upon request.

lResearch soil scientist and research technician,
respectively, U.S. Salinity Laboratory, 4500 Glenwood Drive,
Riverside, Calif. 92501.



2,  THE GOVERNING TRANSPORT EQUATION

The partial differential equation describing one-dimensional
chemical transport under transient fluid flow conditions is
taken as

3 dc 3 _ _ _
3% (8D 37 — 4¢) - 57 (Bc +ps) =u Bc + ups -y 6 - v.p [1]

where ¢ is the solution concentration (ML'3), s is the adsorbed
concentration (MM'I), 6 is the volumetric moisture content
(L3L73), D is the dispersion coefficient (L2T7!), q is the
volumetric flux (LT"!), p is the porous medium bulk density
(ML™3), x 1is the distance (L), and t is time (T). The
coefficients Mo and Mg are rate constants for first-order
decay in the liquid and solid phases of the soil (T71). The
coefficients Yy _and Y _ represent similar rate constants for
zero-order production %n the two soil phases ML73T-! and T,
respectively).

The solution of [1] requires an expression relating the
adsorbed concentration (s) with the solution concentration
(c). Several types of models for adsorption or ion exchange
are available for this purpose, such as equilibrium and non-
equilibrium models. In this study only single-ion equilibrium
transport is considered, and the general adsorption isotherm is
described by a linear (or linearized) equation of the form

s =k c [2]

where k 1is an empirical distribution constant (M~1L3).
Substitution of [2] into [1] gives

9

9 dc _ 9(6Rc) -
ox

(GDH_ qc) T lJeC -Ye [3]

where the retardation factor R is given by
R =1 + pk/e, [4]

and with the new rate coefficients p and y given by

=
]

ut uspk/e [5]

<
]

Y ¥ Ysp/S. [6]



When the volumetric moisture content and the volumetric flux
remain constant in time and space (steady-state flow), the
transport equation reduces to

2
0 ¢c_, 08¢ _pl_ .-
D;{—z- Vax Rat uc Y [7]

where v (=q/6) is the interstitial or pore-water velocity.
Equation [7], or its appropriate simplifications, has found
widespread application in soil science, chemical and environ-
mental engineering, and water resources. Some of the known
applications include the movement of ammonium or nitrate in
soils (Gardner 1965, Reddy et al. 1976, Misra and Mishra 1977),
pesticide movement (Kay and Elrick 1967, van Genuchten and
Wierenga 1974), the transport of radioactive waste materials
(Arnett et al. 1976, Duguid and Reeves 1977), the fixation of
certain iron and zinc chelates (Lahav and Hochberg 1975), and
the precipitation and dissolution of gypsum (Kemper et al. 1975,
Glas et al. 1979, Keisling et al. 1978) or other salts (Melamed
et al. 1977 ). Transport equations similar to [7] have also
been applied to saltwater intrusion problems in coastal aqui-
fers (Shamir and Harleman 1966 ), to thermal and contaminant
pollution of rivers and lakes (Cleary 1971, Thomann 1973, Baron
and Wajc 1976 , DiToro 1974), and to convective heat transfer
problems in general (Lykov and Mikhailov 1961 Carslaw and
Jaeger(1959 ).

3. INITIAL AND BOUNDARY CONDITIONS

This compendium gives analytical solutions of [7] subject to
various initial and boundary conditions. The general initial
condition is

c(x,0) = £(x) (t =0) (8]

where f(x) can take on several forms: a constant value with
distance, an exponentially increasing or decreasing function
with x, or a steady-state type distribution for production or
decay. Two different boundary conditions can be applied at x

= 0: a first- or concentration-type boundary condition of the
form

c(0,t) = g(t) (x = 0) [9a]

or a third- or flux-type boundary condition of the form

2The year in italic, when it follows the author's name,
refers to Literature Cited, p. 98.
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-D %§-+ ve = v g(t) (x = 0) [9b]

where g(t) also can take on several distributions, such as a
constant value in time (continuous feed solution), a pulse-type
distribution, or an exponentially increasing or decreasing
function with time. Note that [9b] does lead to conservation
of mass inside a soil column, whereas [9a] may lead to mass
balance errors when applied to displacement experiments in
which the tracer solution is injected at a prescribed rate.
These errors can become significant for relatively large values
of the ratio (D/v).

For the lower boundary, the following condition can be applied

-gg (=,t) = 0. [10a]

This condition assumes the presence of a semi-infinite soil

column, When analytical solutions based on this boundary
condition are used to calculate effluent curves from finite
columns, some errors may be introduced. An alternative

boundary condition, one that 1is used frequently for dis-
placement studies, is that of a zero concentration gradient at
the lower end of the column:

2 @ =0 [10b]

where L i1s the column length. This condition, which leads to a
continuous concentration distribution at x=L, has been discus-
sed extensively in the literature (Wehner and Wilhelm 1956,
Pearson 1959, van Genuchten and Wierenga 1974, Bear 1979). 1In
our opinion, no clear evidence exists that [10b] leads to a
better description of the physical processes at and around x=L
than [10a]. Moreover, boundary condition [9b] does lead to a
discontinuous concentration distribution at the column entrance
(x=0) and, as such, seems to contradict the requirement of
having to have a continuous distribution at x=L.

In this study, we present analytical solutions for both lower
boundary conditions ([10a] and [10b]). Because of the
relatively small influence of the imposed mathematical boundary
conditions, the analytical solutions for a semi-infinite system
should provide close approximations for analytical solutions
that are applicable to a physically well-defined finite system,
especially for laboratory soil columns that are not too
short. 7



Boundary condition [10a] cannot be applied to Eq. [7] for the
particular case when p =0 and y > 0. The lower boundary con-
dition for a semi-infinite system that is subject to zero-order
production only (no first-order decay) is

g—f{- (o,t) = finite. [10c]

Table 1 summarizes the various mathematical models for which
analytical solutions are given in the next section. The gov-
erning equations and associated initial and boundary conditions
are grouped into three categories: Category A, where the gov-
erning transport equation has no production and decay terms
(y = p=0); category B, for zero—order production only
(y #0; p=0); and category C, for simultaneous zero-order
production and first-—order decay (y # O, p # 0). No special
category is given for those models in which the transport equa-
tion has only a first-order decay term (y = O; p # 0). The
analytical solutions for these cases follow immediately from
those of category C by simply putting y = 0 in the various
expressions. A similar reduction from category C to category
B, by assuming p = 0, is mathematically not possible because of
divisions by zero.

Table l.--Summary of mathematical models for which analytical
solutions are given

Governing Equation

2
oc d ¢ dc
R_=D_—V__
ot axZ dx

Upper boundary

condition

Initial condition Lower boundary
Case f(x)1 Type? g(t)3 condition®
Al Cy 1 C, (pulse)?® Semi-infinite.
A2 --do-- 3 ——do—- -—do--
A3 --do—- 1 -—do-- Finite.
A4 --do-- 3 --do—-- --do--

C 0 < x<x
AS {Cé éx > x)) 1 1 --do-- Semi-infinite.
A6 --do-- 3 --do-- -~do--

See footnotes at end of table.



Table l.--Summary of mathematical models for which analytical
solutions are given—-Continued

Governing Equation

R-a—E=D__62c—v.a_c_
ot 6x2 dx

Upper boundary

condition

Initial condition Lower boundary
Case f(x)! Type? g(t)3 condition"
A7 C1 +C, e & 1 C, (pulse)® --=do--
A8 --do-- 3 --do—— At --do--
A9 Cy 1 cC + Cb e Semi-infinite.
AlQ --do—- 3 --do-- --do——
All --do-- 1 --do-- Finite.
Al2 —-—do-- 3 --do—- --do—-

Governing Equation
oc azc _ . oc
Ra—th'_z‘ Va—x"l"y
X

Bl NA® 1 C, Semi-inifite.
B2 ~-do-- 3 --do-- --do--
B3 --do-- 1 --do-- Finite.
B4 --do-- 3 --do-- --do--
B5 Cy 1 C, (pulse) Semi-infinite.
B6 --do-- 3 —-—do-—- --do--
B7 --do-- 1 --do—- Finite.
B8 —do-- 3 --do-- ——do--
B9 ST-ST7 1 --do-- Semi-infinite.
B10 —do—- 3 --do—- --do--
Bll ==do-- 1 --do-- Finite.
B12 —do-- 3 --do—- At --do—-
B13 Ci 1 Ca + Cb e Semi-infinite.
Bl4 --do—— 3 --do—— --do—-
B15 --=do-- 1 -=do-- Finite.
Bl6 --do—- 3 --do—- --do--

See footnotes at end of table.



Table l.--Summary of mathematical models for which analytical
solutions are given—-—-Continued

Governing Equation

2
dc _ ,dc _ _0dc _
REE-D—Z Vax |J,C+‘Y
le).4

Upper boundary

condition

Initial Condition Lower boundary
Case f(x)! Type? g(t)3 ~ condition*
cl NAG6 1 C, Semi-infinite.
c2 --do—- 3 --do—— --do—-
Cc3 --do—- 1 --do—- Finite.
C4 —do-- 3 --do—-- --do——
C5 (o 1 C, (pulse)® Semi-infinite.
Cé6 --do—— 3 --do—- --do--
c7 --do-- 1 --do-—- Finite.
c8 --do—— 3 --do—— --do—-
c9 ST-ST’ 1 --do-- Semi-infinite.
Cl0 -—-do-- 3 --do-- --do—-
Cll1 -—-do—- 1 --do—- Finite.
Cl2 --do—-- 3 -—do——_)\t -—do—-
Cl3 Ci 1 Ca + Cb e Semi-infinite.
Clé4 --do— 3 --do—— --do——
Cl5 --do—- 1 --do—- Finite.
Cl6 --do—- 3 --do—- --do—-

lf(x) in equation [8].

2']' for a first-type boundary condition (equation [9a]);
'3' for a third-type boundary condition (equation [9b]).

3g(t) in Eq. [9a] or [9b].

“Equation [10a] or [10c] for a semi-infinite system;
equation [10b] for a finite system.

SIndicates a pulse-type application:

Co (0<t < to)

g(t) = {0 t>t)
o]

6Not applicable; steady-state solution.
7Steady-state type initial distribution.



4. LIST OF ANALYTICAL SOLUTIONS

This section presents analytical solutions of [7], with or
without the two rate terms, subject to the initial and boundary
conditions summarized in table 1. Several of the listed solu-
tions have been published previously. Others, however, were
not available and have been derived to make the list as com-
plete as possible. Laplace transform techniques were generally
used to derive those new solutions that are applicable to a
semi-infinite system (boundary conditions [10a] or [10c]).
Appendix A 1lists wuseful Laplace transforms, many of them
unpublished.

Inspection of the various analytical solutions shows that all
solutions for a finite system, that is, those based on boundary
condition [10b], are in the form of infinite series. These
series solutions converge slowly for relatively large values of
the dimensionless group

P = vL/D [11]

where P 1is often referred to as the column Peclet number.
Using Laplace transform techniques in a similar way as shown by
Brenner (1962 ), approximate solutions were derived that provide
accurate answers for the larger P-values. The suggested range
of application of the approximate solutions is

vL vt
'—D>5+40-ﬁ: (P>5+40 T/R) [123]

or

"—Il; > 100 (P > 100) [12b]

whichever condition is met first. The dimensionless variable T
in [12a], called the number of pore volumes when used in con-
junction with column displacement studies, is given by

T = vt/L. [13]

Conditions [12a] and [12b] were obtained empirically by com-
paring numerous results based on series and approximate solu-
tions. When the conditions are satisfied, an accuracy of at
least four significant places will be obtained with the
approximate solutions. When condition [l12a] or [12b] is not
satisfied, we recommend that the series solutions be used. 1In
that case, only about 4 to 10 terms of the series are needed to
assure a similar accuracy of four significant digits.



A. Solutions for No
Production or Decay

2
RO _p3 ac

Al. Governing 3t D ——% -V

Equation 9x

Initial and Boundary Conditions

c(x,0) = ¢y

CO 0(t<to
c(0,t) =

0 t>t

o

ac
Fx_ (")t) =0

Analytical Solution (Lapidus and Amundson 1952, Ogata and Banks

1961)

Ci + (Co - Ci) A(x,t) 0<txg t,
c(x,t) =

Ci + (c° - ci) A(x,t) - Co A(x,t-to) t > to
where

A(x,t) = % erfc Rx_-\_}}:_ +% exp(vx/D) erfc E(L’[t/i
2(DRt)’2 2(DRt)"2



10

A2.

Governing
Equation

ng.sD ac

3¢ _
ot - 2 Bx

Initial and Boundary Conditions

c(x,0) = Ci

(-D %E-+ ve)

(o]

{vc 0<tcK to
x=0

0 t>t
o

ac
3; (°°)t) 0

Analytical Solution (Mason and Weaver 1924, Lindstrom et al.

1967, Gershon and Nir 1969).

ci + (c° - Ci) A(x,t) 0<t<« t,
c(x,t) =

Ci + (c° - ci) A(x,t) - co A(x,t-to) t > to
where

1 t 2 L& (Rx t)2
A(x,t) == erfc|—7 “ Y+ ( ) exp[-'———;:JL-—-]

2 [2 (DRt) /2] 4DRt

- i-(1 +.X§.+.ZEEQ exp(vx/D) erfc Rx + vt

2 ; D DR Z(DRt)b



ac azc
A3. Governing R'§E = D-——E - v
Equation © 90X

3c
X

Initial and Boundary Conditions

c(x,0) = ¢y

C0 0<t¢« to
c(O,t) =

0 t>t

(o)

ac _
3;'(L,t) =0

Analytical Solution (Cleary and Adrian 1973 ).

Ci + (Co - Ci) A(x,t) 0<tx to
c(x,t) =
c, + (co - Ci) A(x,t) - c, A(x,t-to) t > t,
where
2
VX v2t Bth
28_ sin( L ) exPLfﬁ ~ ZDR L2R ]
A(x,t) =1 - z 5
m=1 2 vL vL
(8, + (—2—5) +ﬁ-]

and where the eigenvalues Bm are the positive roots of the
equation

vL
em cot(sm) +ﬁ =0

11



Approximate Solution

A(x,t) = % erfc| B = Vt/: + l exp(vx/D) erfc Rx + Vt/:
2(DRt) 2(DRe) 2 2(DRt) 2(DRe )2

2
1 v(2L - x) , vt R(2L-x) + vt
+=[2 + + ] exp(vL/D) erfc[ ]
2 D DR 2(DRt)/2
1
Vzt)/2 (L R orx + Vt)2]
- g explp - gpp(2lex + g



A4.

Governing
Equation

2
_6_(_:_=D___6C_ .a_(.:.

dt ax? v ox

R

Initial and Boundary Conditions

C(X,O) = Ci
ac vC0 0<tK to
(—D -a—i + VC) =
x=0 0 t > t0

oc _
5; (L,t) =0

Analytical Solution (Brenner 1962, see also Bastian and

Lapidus 1956).

Ci + (Co - Ci) A(x,t) 0<t« t,
c(x,t) =
Ci + (Co - Ci) A(x,t) - C0 A(x,t-to) t > t,
where
A(x,t) =
2
2 B Dt
2vL Bmx vL B exp[xz-- Yyt L
L E 5 By [Bm cos(—i—) + 25 sin(—ir)] 2D 4DR L2R
2
m-1

2
(B2 + G + 381 182 + D) )

and where the eigenvalues Bm are the positive roots of

2

B D

m vL _
Bm COt(Bm) vL 4D 0

13
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Approximate Solution (Brenner 1962)

2 ) 2
1 Rx - vt vt (Rx - vt)
2(DRt)’2
- i-(l + XX +-!E£) exp(vx/D) erfc Rx + vt
2 D DR P I
2(DRt)
4y & L R 2
v t \ vt v vt
+ ( 1tDR) [1 +—4-]-)-(2L X +—R)] exp[—ﬁ YA (2L-x +_§) ]
v 3vt v vt 2 R(2L-x) + vt
-5 [2L-x + == + -—=(2L-x + —) ] exp(vL/D) erfc T
D 2R 4D R 2(DRt)/2



AS5.

Goveruning
Equation

2

ac 3 C

R3e =0 2~
X

ac
90X

Initial and Boundary Conditions

Cl
c(x,0) =

<)

C

o
c(o,t) ={

0
ac _
"a—; °°,t) =0

0 < x < x1

Analytical Solution

c(x,t) =

{CZ
€

where

1 erfc

A(x,t) = >

B(x,t) =-% erfc

+ (cl- Cz) A(x,t) + (co- cl) B(x,t)

+ (cl- Cz) A(x,t) + (co- cl) B(x,t) - co B(x,t-to)

0<tx<t
o

t>t
o

1

/o 2

—R(x-xl) - vt
1,
2(DRt)"2

R
exp(vx/D) erfc

Ry -
2

2(DRt)’2

I
| 2(DRt)

(x+x1) + vt]

v;] +-% exp(vx/D) erfc[§£¥t—%;]

2(DRt )I/2

15
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Ab.

Governing
Equation

2

ac 9 C ac

Ree =P 2"V
9X

Initial and Boundary Conditions

C1 0 < x< x1
c(x,0) =
C2 X ? x1
vC 0t t
ac ° °
(-D 3;-+ ve) =
x=0 0 t>t

ac -
3; (oo,t) 0

Analytical Solution [see also Jost (1952, p. 50) and Lindstrom

and Boersma (1971)]

c(x,t) =
{CZ + (Cl- CZ) A(x,t) + (Co— Cl) B(x,t) 0<tx t
02 + (cl- c2) A(x,t) + (co- Cl) B(x,t) - co B(x,t—to) t > t,
where
L
R(x=x,)-vt 2 2 2
1 1 vt VX R vt
A(x,t) ] erfc —172—— + ('-n—DTl) eXP[—D H)'E(X'Fxl +—§) ]
2(DRt)
v(x+x, ) 2 R(x+x,) + vt
_.% [1 + 5 1 + VD;] exp(vx/D) erfc 1 17
2(DRt )2
1
B(x,t) = 1 erfe Rx - vt + (vzt)/2 expl (Rx - vt)Z]
’ =75 1 -
2 2(DRt) ) DR 4DRt
1 VX v2t Rx + vt
- E‘(l +t5+ —ﬁﬁ) exp(vx/D) erfc-—————xé
2(DRt)



A7.

Governing
Equation

3c

R ot

=D.§_.__—
0

Initial and Boundary Conditions

c(x,0) =C, + C e X

1 2
C 0<txgt
o o
c(0,t) =
0 to>t
o
'g-}c;'”:t)=0

Analytical Solution

c(x,t) =

{Cl + (Co - Cl) A(x,t) + c, B(x,t)

1

where

2(DRt)"2

A(x,t) =-% erfc[gi—:—%;] +-% exp(vx/D) erfc[—————T—

J

R R

2
B(x,t) % exp(a Dt + o0t ax) {2 - erfc[Rx

c, + (Co - Cl) A(x,t) + C2 B(x,t) --Co A(x,t-to)

0<t<gt
(o]

t>t
o

- (v+2aD)

/2

- exp(X%-+ 2ax) erfc[%x ha (v+%§D)t] }

2(DRt)

t
17

17



A8. Governing R-_—=D-—-vVv_—
Equation

Initial and Boundary Conditions

c(x,0) = C1 + C2 e X
vC 0<txgt
oc ° °
(-D—b-}-{-+VC) =
x=0 0 to>t
o
O_C D,t) =

ox

Analytical Solution

c(x,t) =
{Cl + (C0 - cl) A(x,t) + C2 B(x,t) 0<tc« t,
cl + (Co - Cl) A(x,t) + C2 B(x,t) - C0 A(x,t—to) t > t,
where
b@
A(x.t) =+ erfc BE_:;JF. + (!EE) exp[_.SBE;ZQZElE]
2 2(DRE) 72 nDR 4DRt
1 vXx v2t Rx + vt
- 7—(1 +5 +-—5E) exp(vx/D) erfc-—————17
2(DRt)’2

2
B(x,t) = eXP(E—gE + E§£ - ax) {1 -'% erfe|®® (V+%$D)t
2(DRt)’2

1 v VX Rx + (v+2aD)t
+ = (1 + =) exp(=—= + 2ax) erfc[ T ]
2 «D D 2(DRe )2

- EXB exp(vx/D) erfc Rx + vt
¢ 2(DRt) "2



A9.

Governing
Equation

bc

bc c _
T2 ax

6
=D —
bt ax

Initial and Boundary Conditions

c(x,0) = Ci

- -At
c(0,t) Ca + Cb e

oc
-a—}z (@,t) 0

Analytical Solution [see Marino (1974a) for two special cases]

c(x,t) = C; + (C_ - C;) A(x,t) + C, B(x,t)

where

A(x,t) =-% erfc Rx - vt +-% exp(vx/D) erfc Rx + Vt]
2(DRt) "2 2(DRt)’2

B(x,t) = e Mt {—-exp[———zlil erfc[?i—:—ﬁiJ

2(DRt

2(DRt) 2
and
AwR)l/Z

2
v

y-v(l_

19
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AlO.

Governing
Equation

RES::D__OZC—VQS.
ot 6x2 ox

Initial and Boundary Conditions

c(x,0) = Ci

(-DAQE + vc) = v(Ca +C.e

Xt)
0x x=0 b

ac

ox @t) =0

Analytical Solution

c(x,t) = Ci + (Ca - Ci) A(x,t) + Cb B(x,t)

where
1
A(x,t) S T L. Sl A (Vzt)/éexp[_ (Rx - vt)zl
’ 2 [2( DRt )72] nDR 4DRt
-z o+ +-!E£) exp(vx/D) erfc[Rx T vt
2 D DR 2(DRt;AJ

-At v (v-y)x Rx - yt
B(x,t) = e exp| ] erfc-————J&—
{(v+y) 2D [Z(DRt)AJ

v (vt+y)x Rx + yt
* o exp[——i%——] erfc[—-——lﬁﬂ }

2(DRt)
v2 Rx + vt
- TR exp(vx/D) erfc[;z;;:?zJ
and
1
y=v Q- ""‘2"‘)/2
v



All.

Governing
Equation

2
oc 0 C oc
R—=D—--—-—r0r - v —

ot bxz dx

Initial and Boundary Conditions

c(x,0) = Ci

-\t
c(0,t) = Ca + Cb e

oc _
-6;(_ (L,t) =0

Analytical Solution

c(x,t) = Ci + (Ca - Ci) A(x,t) + C.D B(x,t)
where
A(x,t) = 1 - EE(B x) exp[—"i-ﬁ—@q
’ =1 m 2D 4DR LZR
B(x,t) = e Mt [B,(x,t) = B,(x,t)]
KLZR VX
° By 5 exp(gp)
Bl(x,t) =1+ ) 5 5
m=l 2, (VL ALR)
m 2D D
2 vL 2 VX v2t BiDt
- E(Bm,x) [Bm + (Eﬁ) ] exP[iﬁ + At - ZoR —I?;]
By(x,t) = | 7 .2
m=1 [ 2 vL _ALR
By * (3p) D)
and
B_x
28 sin(——)
E(Bm,X) - = L

vL

2
(B2 + () + 35l

21
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The eigenvalues B are the positive roots of

B cot(ﬁ ) +-§5 =0

The term Bl(x) converges much slower than the other terms in
the series solution. This term, however, can be expressed in

an alternative form that is much easier to evaluate:

exp[(v y)X] + (L) ewcp[(yW)X - ZVL]

2D
Bl(x) -
(1 + c%;;) exp(-yL/D)]
where
lb
y=v (-8

v

Approximate Solution

1 Rx - vt 1 Rx + vt
A(x,t) = = erfc —1 + = exp(vx/D) erfc —1
2 [Z(DRt) 2] 2 [Z(DRt) 2]

2
+-% (2 + v(ZS X) 4+ ] exp(vL/D) erfc[é(ZL-x) +/v£]
2(DRt)"2

I, 9
S expl g - a(2Lx + YD) ]

B(x,t) = e M B,y(x,t)/B,(x)
where
1 Z)x Rx - yt |
By(x,t) = E-exp[ ] erfc —————%7
2(DRt )"2]
+-% exp[izg%lil erfe|R ¥ t |
2(DRt) 2]

1/2

+ (y-v) exp[(v+y)x - gyL] erfc[R(ZL-X) - yt
2(DRt)



2(y-v) 2D Yo

+ (y+v) exp[(v-y)x + 2yL] erfc|:R(2L-x) + yt
2(DRt)

J2
* 73R

exp(v—; + At) erfc R(2L~x) t/Vt
2(DRt)"2

B,(x) =1+ (5%’) exp(-yL/D)
and

1
4wR)/2
2

y=v (1-
v
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Al2.

Governing
Equation

2
R-és =D——-v dc

ac
ot - 2 ox

Initial and Boundary Conditions

c(x,0) = Ci

(-D §£_+ vc) = v(Ca +C

¢ e-At)
x=0

b

ac
3;-(L,t) 0

Analytical Solution

c(x,t) = Ci + (Ca - Ci) A(x,t) + Cb B(x,t)

where
(x,t) z (B ,x) exp[X - B‘iml
A(x,t) =1 - EB’x exp———_.—-_.__
ne1 4DR L2r
B(x,t) = e At [Bl(x) - Bz(x,t)]
2
© E(g,x) X exp(3e)
B (x) =1+ )) 7 2
m=1] [82 + CXE) _ AL R]
m 2D D
L2 W2 BiDt
- E(B »X) [8 + ( ) ] exp[ At ~ DR '——E—]
LR
By(x,t) = ] 7 2
n=1 [ 2 + QXE) _ AL R]
) D
and
B x B_x
2VL m vL m
< B [Bm c08(—L—) +25 sin(—)]
E(Bm’x) = 2
8+ GD +31 (82 +GD) ’



The eigenvalues Bm are the positive roots of

2
BmD vL _
B cot(Bm) - =i + — D - =0

The term Bl(x) converges much slower than the other terms in
the series solution. This term, however, can be expressed in
an alternative form that is much easier to evaluate:

expLYZ0%] + (1Y) exp L= DL
B () = 2
[y;z - zsz;zi) exp(-yL/D)]
where
%Q
y=v (1 - ﬁﬁg
v

Approximate Solution

1 Rx 2, 2 (Rx )2
A(x,t) = 5 erfc “VE+ &5 expl- XX V)
2 [;(DRt)/] nDR 4DRt
- l-(1 + X 4 XEE) exp(vx/D) erfc Rx + Vt]
2 D DR 2(DRt)b
4l Y L 2
v t v vt v
+ (nDR ) [1 +-ZB(ZL-x +-—E)] exp[—B - 4Dt(2L X +-——) ]
2
-3 f2nex + 2+ o1k + 35 ) exp(uL/D) erfc[R(ZL-x) UmE
2(DRt)’2
B(x,t) = e Mt By (x,t)/B,(x)

where

By(x,t) = (—) exp[LZ)—x] erfc[Rx—_zr'}z]

2(DRt)

25
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v

2

2D

+ (;%y.) exp[ml erfc,:MIE]

v
2)\DR

v(2L-x) vzt

~ 720K |

D + DR

3 b@

exp(X§-+ at) erfc[

2
v vL
+ 3 - ‘ﬁﬁ] exp(—D- + )\t) erfc[

2(1)Rr;)/2

17

Rx + vt
2(DRt)

R(2L-x) + v

2(1)11:;)1/2

2
\4 t vL R vt
+ — (—) expl— + At - Zpe2l=x + = |

ADR “#DR

2yL] erfcfR(ZL-x) - yt

+ v(y-v; exp[(v+y)x -

(y+v)

_ v(y+v) exp[(v-y)x + 2yL

2D L 2(DRt)1/2 i

rR(ZL—x) + yt]

(y-v)

] erfe

2D

L 2(DRt)1[2 A

2
B4(x) =1 - exp(-yL/D)

(y+V)2

]



B. Solutions for Zero-
order Production Only

Bl. Governing 2
Equation Di—%—v%+Y=
(Steady-state) dx

Boundary Conditions

0

c(0) = Co

dc

Ix ») = finite

Analytical Solution

= XX
c(x) Co + =

27
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B2. Governing
Equation
(Steady-state)

2
dc dc

D - v tr=0
dx

Boundary Conditions

dc
(-D'E; + vc) = vCO
x=0
dc
a-; () = finite

Analytical Solution

y(vx+D)

2
v

c(x) = Co +



B3. Governing
Equation
(Steady-state)

2

d"c dc _
P " Vax tr=0

dx

Boundary Conditions

c(0) = C0

de
™ (L) 0

Analytical Solution

Bmx L2 VX
= 2ysinCy) 5 exn(p)
c(x) =C_ + )
° m=l 2 vL 2 vL 2 vL 2
by * o9 *2p) By * 3

where the eigenvalues B are the positive roots of
vL
B cot(Bm) + 55 0

The series solution converges too slowly to be of much use
numerically. An alternative and more attractive solution is
given by

29
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B4. Governing
Equation
(Steady-state)

Boundary Conditions

(-Db %§ + ve) = vC0
x=0

dc

H(L) =

Analytical Solution

2vL Bmx vL

» (B (- > B, (B, cos(5—) + =% sin(- >1 exp ()

2 2
[B + ( ) +-——] [B ( ) ]

c(x) = C + )
m=1

where the eigenvalues By are the positive roots of

82D

m vL

*72p0 -0

By cot(B ) -

The series solution converges too slowly to be of much use
numerically. An alternative and more attractive solution is
given by

YX

c(x) = Cy +‘—;-+-f§ {1 - exp XLE%El]}



Bs.

Governing
Equation

2
oc _ , 0 ¢ _ _ 0c
R—at—l)———-2 V—-—ax+y
ox

Initial and Boundary Conditions

c(x,0) = Ci
C 0<txgt
o o
c(0,t) = {
0 t>t
o

oc _
% (o,t) = finite

Analytical Solution (Carslaw and Jaeger 1959, p. 388)

Ci + (Co - Ci) A(x,t) + B(x,t) 0<t« t,
c(x,t) =
Ci + (co - Ci) A(x,t) + B(x,t) - Co A(x,t-to) t > t,
where
A(x,t) ='% erfc Rk ~ ve |4 %-exp(vx/D) erfc Rx + Vt]
2(DRt)’2 2(DRt)’2
(Rx-vt) Rx - vt
B(x,t) = Yl + 22222 erfe —_— 1

- .S_ihi{.z_us_)_ exp(vx/D) erfc MI;.
v 2(DRt)’2

31



2
B6. Governing g: =D b—% - gi
Equation ox

Initial and Boundary Conditions

c(x,0) = Ci
vC 0<t<gt
bc ° °
(-D + ve) =
x=0 0 t>t
o
3c

™ (o,t) = finite

Analytical Solution (van Genuchten 1981)

Ci + (Co - Ci) A(x,t) + B(x,t) 0<t« t,
c(x,t) = {

Ci + (Co - Ci) A(x,t) + B(x,t) - Co A(x,t—to) t > t,
where

1 Rx 2 2 (Rx )2
A(x,t) == erfc — vt l+ (v t) exp[- LRx - ve) )

2 [2 (DRt) /2] 4DRt

2
-7 @+ T+ T exp(vx/D) erfel 22
2(DRt)2

-1 DR Rx - vt
B(x,t) =Xt +==(Rx - vt + =) erfc
R{ 2v v [Z(DRt)I]Z]

oot )1/2 2DR _ (Rx - vt)?
47DR

(Rx + vt + =) expl DRt )

2
t _ DR (Rx + vt) Rx + vt
+ 1 - 2+ SO exmpCa/n) exte [Z(m) /2]}



oc azc 9
B7. Governing R-SE = D‘—-E -v 5§‘+ Y
Equation dx

Initial and Boundary Conditions

c(x,0) = Ci
C 0<tx<gt
o o
c(0,t) = {
0 t>t
o

dc -
'a—)z (L,t) 0

Analytical Solution

c, + (Co - Ci) A(x,t) + B(x,t) 0<tx« t,

c(x,t) = {

Ci + (Co - Ci) A(x,t) + B(x,t) - C0 A(x,t-to) t > t,

where
. ol gim;
A(x,t) =1 - 7§ E(By»x) explop - 7pp — 53—
m=1 LR
B(x,t) = B,(x) - B,(x,t)
L2 vX
® E(Bm’X)'Iﬁ' exp(p
B (x) = ] 2
=l 24 (X
[Bm 2D
2 e vk R
E(By %) "5~ explop ~ Z5) - L?'R]

(o]

Bz(x,t) = Z 5
m=1

and
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BoX
2 Bm sin (T)

E(B_,x) =
o vL]

2 2
6y + G + 73

The eigenvalues Bp are the positive roots of

B cot(B ) + ‘2'11)‘ 0

The term Bl(x) in this solution converges much slower than the
other terms. This term, however, can be expressed in an
alternative form that is much easier to evaluate (see case B3):

B, (x) =1%:- + -“Y’% {exp(- v—Iﬁ) - exp [ﬁ%-)—!]}

Approximate Solution:

1 Rx - vt 1 Rx + vt
A(x,t) = = erfc —1 + = exp(vx/D) erfc —1
2 [Z(DRt) 2] 2 [Z(DRt) 2]

2
+% [2 + V(ZIB x) 4 ] exp(vL/D) erfc[R(ZL-x) +/Vt]
2(DRt)’2

1 />

2 2
vt vL R vt
Gor el - gpp Pl )

_Y (Rx—vt) Rx - vt
B(x,t) = R {t + =" erfc[Z(DRt)/z]

- (&;‘VQ- exp(vx/D) erfc Rx + vt
v 2(DRt) "2

1/2
+ (=)  [R(2L-x) + vt + -2—35] [1'-1-‘- --R

2
vt
4mDR D ~ Zpclilx + )]



2
vR(2L-x)-DR R _ vt vL R
[t + —=— +-ZB (2L-x + R) ] exp( D) erfc[

(2L-x) + vf]
2v

2(DRt )1/2

DR v(x~L) R(2L-x) - vt
- exp| ] erfc[ ] }
2v2 D 2(DRt )1[2

35
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B8.

Governing
Equations

2

8¢ _ 3¢ _ B¢

R — D——kx - —+ v

oT ax2 ox

Initial and Boundary Conditions

c(x,0) = Ci

_p °¢
(-D ™ + vc)

g (o]
x=0 0

oc =
% (L,t) 0

Analytical Solution

c(x,t) =

0<t<t
o

t>t

o

{Ci + (Co - Ci) A(x,t) + B(x,t)

0<txgt
o

Ci + (C0 - Ci) A(x,t) + B(x,t) - Co A(x,t-to) t > t,

where

m=1

B(x,t) = Bl(x) - Bz(x,t)

A(x,t) =1 - ¥ E(Bm,x) exp[;;

2
- IL vX
E(B %) -5~ explgg

B,(x) = z
1 2
m=1 2 vL
[Bm + QEB) ]
L2 vX
E(fy %) 5~ explyp ~ 75 -
B (x) = z
2 ) )
ne (82 + G ]



and

X

B X
2L I8, cos(—ELJ +

Bn
vL sin(—— )]

2D

E(Bm,x) =
[B + (——) + ] [B + ( ) ]

The eigenvalues B, are the positive roots of

2
mD vL
B et (By) =T *7p = ¢

The term Bl(x), which also appears in the steady-state solution
(case B4), converges much slower than the other terms in the
series solution. This term, however, can be expressed in an
alternative form that is much easier to evaluate:

D -L
B (x) = lé +-§7 {1 - exp[XSE——l]}

Approximate Solution

y&

2 2
1 Rx - vt vt (Rx - vt)
A(x,t) = = erfc + ( ) expl- ——5——1]
2 [2 (DRt) /2] nDR 4DRt

2
- l.(l + X5 ZB%) exp(vx/D) erfc[Rx ks Vt]

2 D 2(DRt)™2
" ) L 2
+ (n‘I;Rt) [1 +4—;;(2L~x +"—§)] exp["—D 4Dt(2L—x +_) ]
-3 [2L-x + 2= 3Vt | (2L x + 2 )2] exp(vL/D) erfc [F(ZL-X) : Vt]
1
D 2R 2(DR£)&
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B(x,t) =-1Y{-{t +-2%(Rx - vt +2%-) erfc[Rx - Vt]

2(DRt)/2
- (g )I/Z(Rx b ve + 2Ry g (R = ve)?
47DR v v P 4DRt
2
+ [% - Dl;{ + (RX4;RVt) ] exp(vx/D) erfc Rx + v}:
2v 2(DRt) 2(DRE) 2
- 2&2 exp[——-v(x;L)] erfc[R(ZL_X) -1/Vt]
2v 2(DRt )2
DR v(2L-x) v2 vt vt
+=_[1 - + (2L-x + =) (2L-x + =)
2 2D 2 R
2v 2D
v3 vt 3 R(2L-x) + vt
+——3-(2L-x +—ﬁ) ] exp(vL/D) erfc[ v ]
6D 2(DRt)’2
2 2
-3 i+ 1+ Y orx + X5
3R 6D R

Dt 1/2 vL
(-;ti) exp [—D 4Dt(2L-x +-——) ]



B9.

Governing
Equation

ac‘ — - —
Rbt D xz va+Y

Initial and Boundary Conditions

- XX
c(x,0) Ci + 5

C 0<Ctgt
o (o]

c(0,t) = {

0 t>t
o

ac

% o,t) = finite

Analytical Solution (Carslaw and Jaeger 1959, p. 388)

Yx -
Ci + - + (co Ci) A(x,t) 0<tc« t,
c(x,t) =
XX - - -
Ci + - + (Co Ci) A(x,t) Co A(x,t to) t > t,
where
1 Rx - vt 1 Rx + vt
A(x,t) = 5 erfc —7, +3 exp(vx/D) erfc pm—"A
2(DRt) 2(DRt)

Comment : Note that the initial condition is of the same form

as the steady-state solution for the same boundary conditions
(case Bl).
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Blo.

Governing
Equation

Initial and Boundary Conditions

c(x,0) = C, + (vx;D)
i
v

vC 0<txg t
o o
oc {

(-D 'a—- + vc) =
X x=0 L0 t >t
o
oc -
" (o,t) finite
Analytical Solution
y(vx+D) _
Ci + v?_ + (c0 ci) A(x,t) 0<t« to
c(x,t) =
y(vx+D) _ _ _
Ci + v2 + (C0 Ci) A(x,t) C0 A(x,t to) t > t,
where )
1 Rx - vt v2t 2 (Rx - vt)2
A(x,t) == erfc 7| + () expl- ——5—I
2 [Z(DRt)/Z nDR 4DRt
1 VX v2t Rx + vt
-5 U+ +-—B§) exp(vx/D) erfc —1
2(DRt)’2

Comment: Note that the initial condition is of the same form

as the steady-state solution for the same boundary conditions

(case B2).



Bl1.

Governing
Equation

Initial Condition

c(x,0) = A(x)

D
= ¢y + 1%+ 5 fexa(- Ty - exp(UETL )

Note that the initial condition is of the same form as the

steady-state solution for the same boundary conditions (case
B3)o

Boundary Conditions

C 0<txgt
o o
c(0,t) = {

0 t>t
o

8¢ (L,t) =0
X

Analytical Solution

A(x) + (Co - Ci) B(x,t) 0<tx t,
c(x,t) = {

A(x) + (co - Ci) B(x,t) - Co B(x,t-to) t > t,

where A(x) is exactly the same as the initial condition, and
where

2
B X 2 B Dt
» 2 B, sin( )exp[—-—Z—D-;—{-;l—]
B(x,t) = 1 - ) > LR
m=1 2 vL vL
(g, + Gp) + 5p!

The eigenvalues B are the positive roots of the equation

cot(B ) + 3= = 0

B 2D

m

41



Approximate Solution

A(x,t) = 1 erfc[g_—vg/:-] + 1 exp(vx/D) erfc[&t—vrt-]

2 2(DRe) 2| 2 2(DRe)"2
2
1 v(2L-x) , vt R(2L-x) + vt
+= [2 + + ] exp(vL/D) erfc[ ]
2 D DR 2(DRt)"2
1/2

vL R

2
vt vt
- ('ﬁ) exp[-—D W(ZL X + —R) ]



Bl2.

Governing
Equation

0c _ 5,0 c_  dc
Rt " P2 Vot
ox

Initial Condition

c(x,0) A(x)

CC XX LD oov(xel)

C, +v 75 {1 - expl 5 1}
v

Note that the initial condition is of the same form as the

steady-state solution for the same boundary conditions (case
B4).

Boundary Conditions

C 0<Ctxg t
o o
(- D C 4 ve) {

x=0 0 to>t

o

dc _
—X (L,t) =

Analytical Solution

A(x) + (co - Ci) B(x,t) 0<t« t,
c(x,t) =

A(x) + (Co - Ci) B(x,t) - C, B(x,t-to) € >t

where A(x) is exactly the same as the initial condition, and
where

B(x,t) =
Bx BX 2 BDt
2vL vL vx vie o
© —__'B [3 COSC“——) + D Sin(———)] exp [——.-.ZBE - LZR]
l-m; 2 2
[B + C——) + Y ] [B + ( ) ]

The eigenvalues B are the positive roots of
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2
)
m vL

By cot(By) -~ +75= 0

Approximate Solution

I
1 Rx - vt v2t 2 (Rx - vt)
B(x,t) = = erfc + ( ) exp[- ————]
2 [2(DRt)/2] DR 4DRt
1 VX vzt Rx + vt
- E-(l +-—B-+ —ﬁi) exp(vx/D) erfec|——— —1
2(DRt)’2
1
+ (""zt)/2 1+ X (2Lx + 5] exp[¥E - R (21x +—)21
7DR 4D R D 4Dt

R(2L-x) + vf]

1/2

2
—-% [2L-x + vt + ——(ZL X + < ) ] exp(vL/D) erfc[
2(DRt)

2R



Bl3.

Governing
Equation

oc

R .-plc 6 oc
ox

C
dt 2 TV TY

Initial and Boundary Conditions

o (.,

et

c(x,0)

-\t

c(0,t) Ca + Cb e

,t) = finite

Analytical Solution

c(x,t) c, + (Ca - Ci) A(x,t) + Cb B(x,t) + E(x,t)

i

where

A(x,t) % erfc[—lix——-——yl;] +-12- exp(vx/D) erfc[Rx ks v'/:]

2(DRt) "2 2(DRt)’2

B(x,t) = e-M {5 exp[(—-L)l{-] erfc ;Rx_-_%
2(DRt)’2

+ -2- exp [——-L)}i] erfc[—RﬁLX&z] }

2(DRt)

E(x,t) = lR{t + iR’z‘;—""') erfc[z’(‘D;t‘)’;z]
- LB%%XEl exp(vx/D) erfc[%iQt—%%J }
2(DRt)
and
y=v (1l - Ml;R)l/Z
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Blé4.

Governing
Equation

2
¢ _ , 0 ¢c_ _ 3¢
Rae "D 2" v Y
ox

Initial and Boundary Conditions

c(x,0) = Ci

_p 2¢ ] At
(-D 3 + vc) 0 v(Ca + Cb e ™)

dc

% o,t) = finite

Analytical Solution

c(x,t) = C, + (C, - C) A(x,t) + C B(x,t) + E(x,t)
where
y§
A(x,t) = L erfc _Ijx__—__vlg + (lz_'i) expl- (Rx - Vt)2]
2 2(DRt )"2 7R 4DRt

2
1 t Rx + vt
i-(l +'!% +'!5i) exp(vx/D) erfc ————-l%E
2(DRt)

B(x,t) = e-)‘t{ (viy) exp[(v;yD)x] erfc[Rx—-%%z]

2(DRt)
v (vt+y)x Rx + yt
MR C= Rl erf“[z(_,,‘zﬂt)z]}
- —vz— exp(vx/D) erfc _ng__t_vlg
ZADR 2(DRe )2



E(x,t) = % {t + E;Il—(Rx - vt + D—s) erfc[—Ri:—vf/i]

2(DRt)'2
1/2 2
t 2DR (Rx - vt)
- ) (Rx + vt + 200) expl- ]
' 2
+ [£ - DR , (Rx + vt) ] exp(vx/D) erfc &x—.’-—\?—
and
1/2
g = (1 - GRS

2
v
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B15.

Governing
Equation

R =P 2" vty

Initial and Boundary Conditions

c(x,0) =

!
(@]

c(0,t)

]
(@}
]
+
(@]
1]
|

ac
"a_}'{' (Lat) 0

Analytical Solution

c(x,t) = ci + (Ca - Ci) A(x,t) + Cb B(x,t) + F(x,t)

where
A(x,t) = 1 - E E( ) ex [XE._ XEE --EEEi]
’ L ECBy,X) explop ~ 75R 2
m=1 L°R
-t
B(x,t) =e " [B (x) - B,(x,t)]
)\LZR vX
= E(B,Xx) =5~ exp(3p)
B(x) =1+ ] 5 2
m=1 [62 + (XE) _ AL R]
m 2D D
2
2 2 B-Dt
2 vL VX vt n
» E(BX) [B) + Gp) ] explgy + At - 750 - ——]
LR
Bz(x,t) =) 5 5
m=1 [ 2 + (Xl_._) _ AL R]
Bm 2D D

F(x,t) = Fl(x) - Fz(x,t)



F.(x) = § 3
=l (g2 + G ]
EC(B ,x) w? [Yx _ vt _ E;EE]
BneX) “p~ €¥Plop ~ ZpR 2n
F,.(x,t) E 5
m=1 2 vL
[Bm + CEB) |
and

Bp¥
ZBm Sin(—L—-)

E(B_,x) =
n vL

2D]

2
[B + ( ) +

The eigenvalues B, are the positive roots of

B cot(ﬁ ) +-—— =0

m

The terms B;(x) and F;(x) converge much slower than the other
terms in the series solution. Both terms, however, can be
expressed in alternative forms that are much easier to
evaluate:

(v y)x y-v (v+y)x-2yL
expl ] + (&=) expl ]
Bl(x) - y+v 2D
ll + (;;;) exp(-yL/D)]
where
%Q
y=v (1- 4K2R)
v
and

Pl =15+ f? fexp(- XLy - expXZL)y)
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Approximate Solution

2

A(x,t) = % erfc[&:—vl%] +%

2(DRt)

2
+%[2+v(2Lx)+v

exp(vx/D) erfc[—g—x—%
2(DRt)’2

D D

1/2

R
) arptS

D %pt
B(x,t) = e M B, (x,£) /B, (x)
BL(x t)=lex [(_v-_m] erfc
34% 2 S¥PI75p

1 (vty)x
+ 2 exp| 7D ] erfe

;] exp(vL/D) erfc[R(ZL_x) b Vt]

2(DRt )1/2

2
(2L-x + l&) ]

Rx - yt
_2(DRt)/2
[Rx + yt-
%)
[2(DRt )4

R( 2L-x) - yt:1

N (y-v) expl (vt+y)x-2yL

2(y+v) 2D

(y+v) [(v—y)x+2yL]

] erfc
L 2(DRt)l/2 J

[R(2L-x) + yt:-

exp

2(y-v) 2D

2
* 23R

B, (x) = 1+ (I exp(-yL/D)
and

2v

F(x,t) = %{t + (Rx-vt) erfc[u]

_ (Rxtvt)

exp(% + At) erfc[

7Y exp(vx/D) erfc[gx—ﬂf-/:-]

erfc

L 2(DRt)1/2 i

R(2L-x) + vt]
2(DRt )1/ 2

2(DRt)/2

2(DRt)’2



-[t

+

e W

2v2

_ IR exp[v(x L)] erfec [R(ZL—x) - vt]}

2(DRt)/2

+ (4 DR [R(2L-x) + vt +-m-] exp[ - -E)-E(ZL -X +—) ]
vR(2L—;2c)—DR (2L N +__) | exp(t ) erfe [R(ZL—X) +/vt]
2v 2(DRt)"2
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Bl6.

Governing
Equation

ac
R.sz- D —

ac

c
2 ax +ty

d
ax

Initial and Boundary Conditions

c(x,0) = Ci

(-D-2£-+ ve) = v(Ca +C, e

—At)
90X x=0 b

ac
3% (L,t) =0

Analytical Solution

c(x,t) = Ci + (Ca - Ci) A(x,t) + Cb B(x,t) + F(x,t)
where
(x,t) zc ) explos vie B‘?‘Dtl
A(x,t) =1 - E(B %) explor - =2 - ——
n=1 4DR ;27
B(x,t) = e " [B,(x) - B,(x,t)]

2
® E(B ,X) ex P( )
Bl(x) =1+

o
1 2 vL AL R
(e + &3p) =~ 5]
2, 8Dt
« E(8_,%) [s + Gp )lexp[—+ At = gm = =]
L R
B,(x,t) = ) 5 3
n=1 (62 + (L - ALR,
m 2D D

F(x,t) = Fl(x) - F2(x,t)



2
© L X
E(Bm,x) D exp(2

)
Flio = zl ; T
. (82 + G ]
IEE VX Vvt BiDt
o EBy) 5 exelyp - gpr ~ 2]
Fz(x,t) =y 2
m=1 2 vL
(82 + G2 ]
and
X B_x
B, condth) 2k aanls)
E(B »x) =

2 2
B2+ G + %) g2+ &

The eigenvalues B, are the positive roots of

BiD vL
P c0t(Py) =T *%p = ©

The terms B;(x) and F;(x) converge much slower than the other
terms in the series solution. Both B;(x) and F;(x), however,
can be expressed in alternative forms that are much easier to
evaluate:

exp[(v%)x] + (?,:,’) exp[{VIY)X-2yL %’1;—2}'1‘]
B, (x) =

2
[1;', - 2‘(,)(';1‘),) exp(-yL/D)]

where
1
4\DR .72
y=v (1 - 2)
v
and

o

Fl(x) = 1% + X {1 - exp[xgﬁ:&l]}

[\
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Approximate Solution

1 Rx vt & (Rx )2
A(x,t) =< erfc __—_v[t_ + (-—-) exp[- —;Vt—'—]
2 [Z(DRt)/] nDR 4DRt
-1 (1 + X yjl:—) exp(vx/D) erfec|——17 Rx ¥+ vt
1
4v2t 2 v vt vL 2
+ ( ) [1 + D(2L-x +—R)] exp[—D 4Dt(2L X +—-) ]
v 3vt 2 R(2L=x) + vt
-5 [2L-x + +——(2L-x + 3 ) ] exp(vL/D) erfc[ ) ]
2(DRt) "2
B(x,t) = e At B3(x,t)/B4(x)

By(x,t) = (——) exp[—z)—x-] erfc Rx_—%!:/_
2(DRt)’2

(—) exp [—ZDL)—x erfc [ﬁj—z[t/i]

2(DRt)’2

\'/ A4 Rx + vt
~ 73R eXPCH

2
VX + At) erfc v
2(DRt)’2

2 2 2
v v(2L~-x) vt v vL R(2L-x) + vt
- TR [ 5 + R + 3 - ﬁ] exp(—D- + At) erfc[ 2(DRt)I/2 ]
3 Iy, 2
\'4 t vL vt
DR (ﬁ') exp[ + At - m(ZL + —R-) ]
+ v(y-v) exp[(v-i-y)x 2yL] erfc— R(2L-x) 5 yt]
(y+v) 2D | 2(Dre)2
- v(ym xp[LYmD)x+2yL) erfe| R(2Lx) ud yt]
(y-v)? 2D | 2(DRe)2




B,(x) = 1 - il—)— exp(~yL/D)
(y+v)

and

F(x,t) = {-{t + -2—},(Rx - vt + 2—%) erfc[ikﬁ-%]

2(DRt)’2
t 2 2DR (Rx - vt)?
T ) (Rt ve S expl- S
2
+ [% - DR2 + (RX4ERVt) ] exp(vx/D) erfc Rx + vl/:
2v 2(DRt) 2(DRE)2
_ DR2 exp[v(x L) o [R(ZL—x) -/vt]
2v 2(DRt) "2
DR v(2L-x) 2 3vt
+ — [1 - + X _(2L-x + ¥ )(2L +—)
2 2D 2
2v 2D
v3 vt 3 R(2L-x) + vt
+ ——3-(2L-'x +—R—) ] exp(vL/D) erfc[ 7 ]
6D 2(DRt)"2
2 2
- 31+ 2lex + B ¢ onex + X )
v 3R 6D2 R

(95)1/2 PL R (g 4 Y5
R’ S¥PLTp T ape X T TR
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Solutions for Simultaneous Zero-
order Production and First-order Decay

Cl. Governing
Equation
(Steady-state)

dzc de

D—~-V—=-pc+y=0

de dx

Boundary Conditions

c(0) = Co

dc _
'&;(‘”)‘0

Analytical Solution

c(x) =-§ + (Co --ﬁ)

where

yb
u=v (1 + ﬁ%g)

v

exp[————(v?l;) x]



C2. Governing
Equation
(Steady-state)

2
d"c dc
D — -V = uc + vy 0
dx

Boundary Conditions

dc
( D-a; + ve) vCo
x=0

dc
Ix (=) =0

Analytical Solution (Gershon and Nir 1969 )

2v
utv

-u)x]

ex?l(vzn

c(x) "‘E* c, -lu)

where

y&
u=v (1 + ﬁgﬂ)
v
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C3. Governing 2
Equation D de_ v de _ puc +y =0

(Steady-state) dx2 dx

Boundary Conditions

c(0) = Co

dc _
Ix (L) =0

Analytical Solution

c(x) = 3& +(c, - lp) A(x)

where
B_x 2
® 28 sin(—%‘—) -%—- exp(-%)
AG) =1 - ] 2 2 2
LR G +aE) 1B 4 G+

and where the eigenvalues B are the positive roots of

vL _

B cot(Bm) +55 = 0.

The above series solution converges too slowly to be of much
use numerically. The following equivalent expression for A(x)
is much easier to evaluate

eXp[(V;;)x] + (3:;) exp[—(—-v;—;)—x - -u%]
Alx) =
[1 + ) exp(-uL/D)]
where



C4. Governing
Equation
(Steady-state)

2
D4£—$ -v de
2 dx

dx

- u+y=20

Boundary Conditions

(-D--g-E + ve) = vCo
x=0

de
ix (L) 0

Analytical Solution

c(x) = Jé +(c, - -ﬁ) A(x)

where

A(x) =

. L) (i";;) B 8 cos(—Bﬁ) ‘2’3 sin(B )] exP(ZD)
=gl +(——>2+ ) 182+ D) ][B + G ) +P—1

and where the eigenvalues B are the positive roots of

2
B D vL _

cot(B ) - —+-==0

B %D -

m

The above series solution converges too slowly to be of much
use numerically. The following equivalent expression for A(x)
is much easier to use (see also Gershon and Nir 1969)

[(v u)x] + (u-v) [(v+u)x-2uL]

Alx) = +v 2D
A
where

L

2

u=v (1+ éﬂg)
v
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C5.

Governing
Equation

2
¢ _ 0 c_ _ dc _
R-SE D — axz v 3% pe + vy

Initial and Boundary Conditions

c(x,0) = Ci

C 0<txgt

(o) o
c(0,t) = {

0 t>t

o

(o] =
™ o,t) =0

Analytical Solution (van Genuchten 1981; see also Bear 1972, p.

630)
c(x,t) =

Y -X - X
u+ (Ci u) A(x,t) + (Co u) B(x,t) 0<tX to

Y - X - X - -
. + (Ci u) A(x,t) + (Co u) B(x,t) Co B(x,t to) t > t,

where

A(x,t) = exp(-pt/R) {l - l-erfc Bﬁ—:—%;
2 2(DRt)"2

_.% exp(vx/D) erfc[Rx + v;] }

2(DRt)’2

B(x,t) =-% exp[iziﬁlil erfc 55—:—%;

| 2(DRt)"2]

+-% ex [SXiElE] erfc Rx + u;
| 2(DRt) 2
4pD, "2
and u=v (1 + 2)
v



Cé6.

Governing
Equation

2
6c . pdc_ 2
R ot D 7" Voax ke + y
ox

Initial and Boundary Conditions

c(x,0) = C1
vC 0<Ctxg ¢t
oc ° °
("D —a; + VC) =
x=0 0 to>t

dc -
6; (w’t) O

Analytical Solution (van Genuchten 1981; see also Parlange and

Starr 1978)
c(x,t) =

X - X - X

" + (Ci u) A(x,t) + (Co u) B(x,t) 0<t< t,
X - X - X - -

m + (Ci u) A(x,t) + (Co u) B(x,t) Co B(x,t to) t>t

o

where

A(x,t) = exp(-pt/R) {1 "% erfc[%i—:—%;]

2(DRt)’2
& ( )2
vt Rx - vt
- o = ~Zpre
++ 1+Z2+ ﬁ) exp(vx/D) erfc &x_ijlj_l_
2 D * DR 2 (DR}
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B(x,t) = Y exp[{VTWX) oo [Rx - ut
(v+u) 2D 2(DRt)/2
v (vt+u)x Rx + ut
— exp| ] erfc
(V l.l) 2D Z(DRt)/z
v2 vx _ ut Rx + vt
+ 5— exp(—; - =) erfc
2uD bR [Z(DRt)/z]
and
Iy
u=v (1 + il'l‘]—)-) 2



C7. Governing
Equation

oc o)
R._=D___.
ot 3

Initial and Boundary Conditions

c(x,0) = Ci

C 0<t <t
o o

c(0,t) = {
0

oc
™ (L,t) =0

t>t
(o]

Analytical Solution (Selim and Mansell 1976)

c(x,t) =

Y4+ (c, -Y) ax,t) + (¢ -X) B(x,t) 0<t<t
L i v o KL o

Y+ (c. -Y A(x,t) + (c_-X) B(x,t) - C_B(x,t=t ) t >t
" i B o " o o

where
[ VX t v2t BiDt
A(x,t) = X E(Bm,x) exP[§3 "EE T 4DR 2 !
m=1 LR

B(x,t) = Bl(x) - Bz(x,t)

2
= E(p,%) L exp(p)
B (x) =1 - X
1 m=1 2 vL 2 L2
(D + G+

o

D
2 vL 2 VX t v2t BiDt
E(Bm,x) [Bm + CEB) ] expliﬁ "Ei ~ DR -'jf-]
LR
Bz(x,t) = z 7 5
w1 2, b’ wt
[Bm + (ZD) + 5 ]
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and

BpX
ZBm sin (-—L——)

E(Bm,X) = 7
(B2 + D) + =]

The eigenvalues B are the positive roots of

B cot(ﬁ ) + ;g 0

The term B (x), which also appears in the steady-state solution

(case C3), converges mch slower than the other terms in the

solution. This term, however, can be expressed in an alterna-
tive form that is much easier to evaluate:

(v= u)x u-v v+tu)x ulL

exp| 1+ @ D 5

1+ (;:;) exp(-uL/D) ]

o)) exp[{YTRX

Bl(X) =

Approximate Solution

2(DRt) 2(DRE )2

Rx + vt]

1
- = exp(vx/D) erfc
2 [Z(DRt /

2
—-% (2 + V(ZB x) . ] exp(vL/D) erfc[é(ZL—x) t/vg]
2(DRt )’2

%Q VL R 2
vt v vt
tGar el - gpp(dlx + ) 1}

B(x,t) = B,(x,t)/B,(x)

where



1 (v=u)x - utw
B,(x,t) = = exp[~—+—] erfc
3 2 2D LZ(DRt)
-
+ 5 exp[————(m)x] erfc Rx + u?
2(DRt)2
(u-v) (v+u)x - 2ul . -R(ZL-x) - ut|
+ ———= expl ] erfe
2(utv) © 2D 2(DRe)2

R(2L—x) + ut

(u+v) [(v-u)x + ZuL] erfe

+

2(DRt)

2
S enp(E - BYy eree [R(ZL”‘) * /‘“’-]
H 2(DRt)’2

B (x) =1+ (———0 exp(-uL/D)
and

/2
u=v (1 +-ﬁﬂg)
v
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C8.

Governing
Equation

2
ac d ¢ ac
Rt "D 3~ Vgg - mety
ox

Initial and Boundary Conditions

c(x,0) = Ci
vC 0 <t t
ac ° °
(-D % + vc) =
x x=0 (0 t>t

o

ac _
% (L,t) =0

Analytical Solution

c(x,t) =

X - X - X
L+ (¢ =D a0 + ¢, - D) Bex, )

XY _ X - X - -
" + (Ci u) A(x,t) + (C0 u) B(x,t) Co B(x,t to) t >t

0<txgt
o

o

where
2
© 2 B Dt
= yx _ut _vt_ m
Alx,t) = ] E(B,x) explyp - 5 - 751 2
m=] LR
B(x,t) = Bl(x) - Bz(x,t)
vx
uL2 © E(Bm,x) exp(zﬁ
B(x) =1--—- 7
1 D 2 2
e PR S AL R
m 2D D
2
2 B Dt
t t
. EBL0 [+ QD ] explyE- K YL B
L™ R
Bz(x,t) = )

2
2 vL
[Bm + (55) +

2
uL ]

D



and o
¢ 8 x

vL sin(—%)]

2vL B [/05( ) D

D

2 2
2 vL vL 2 vL
[Bm + (ﬁ) + ‘—D] [Bm + (ﬁ) ]

E( Bm,x) =

The eigenvalues Bm are the positive roots of

2

B°D

m vL _
Bm COt(Bm) T VL + 4D 0

The term B (x), which also appears in the steady-state solution
(case CA), converges much slower than the other terms in the
series solution. This term, however, can be expressed in an
alternative form that is much easier to evaluate:

(v4u)x - 2ulL
exp| 75 ]

exp[LY u)x] + (

BI(X) =

- ; exp(-uL/D)]

Approximate Solution

2(DRt)

A(x,t) = exp(—ut/R)‘{l -1 erfc[—————17]

1
2 2

2
- & expr- SR VD)

4DRt ]

2
1 vx _ vt Rx + vt
+ 5 (1 + —= + —=) exp(vx/D) erfc|———F

2 D DR [z(nkt)/Z]

4wt 72 2

- (nDR ) L+ 3 Zp¢2L=x +——)l eXP[ 4Dt(2L—x +__) ]

+5 [2Lx + A (2L X +-——) ] exp(vL/D) erfc[R(ZL_x) * Vt]

> = 2(DRt)1/2
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B(x,t) = B3(x,t)/B4(x,t)
where

kx - utw
2(DRt)/2

[(v u)x

B3(x,t) = exp ] exfc|—7

v
(vtu)

v exp[(v+u)x] erfc [Rx + ut |
(V"'\l) Lz( DRt ) /2-

2
+'§xﬁ exp(X% —-Eﬁ) erfc Rx + v;
K 2(DRt) 2(DRE) 2

) V2 2
+ yQ2Lx) | £y 3 +':1'151 exp(l]];— _ }%) erfc[R(ZL x) + vt]

Z“D D 2(DRt)/2
Ly, 2
vL t R vt
-5 Goe exel'p - ¥ - gpplx + R ]
4+ v(u-v) exp[(v-l-u) ul. erfc'R(zL-x) - ut]
(utv)? 2D | 2(pRe)2

_ v(u+v) [(v-u)§D+ 2uL] erfc- R(2L-x) + ué]

(u-v) L 2(DRt:)1/2

(u-v)*
B4(x) =1 - -Jilei exp(-uL/D)
(utv)

and

yb
u=v (1l +-£E%)
v



Cc9.

Governing
Equation

c ac
R D—xz- V-a—x pue + vy

ac 82
ot 5

Initial Condition

c(x,0) A(x)

{-+ (C l) exp [(v u)x]

where

A

u=v (1 + 4uD
v

Note that the initial condition is of the same form as the
steady-state solution for the same boundary conditions (case
Ccl).

Boundary Conditions

C 0<Ctgt
o o
c(0,t) ={

0 t>t
o

ac
a_x (”st) =0

Analytical Solution

A(x) + (Co - Ci) B(x,t) 0<tcx to
c(x,t) =

A(x) + (C0 - ci) B(x,t) - c0 B(x,t—to) t > to

where A(x) is the same as the initial condition, and where

(v- u)x] erfe Rx - u;

B(x,t) = l—exp[
| 2(DRt)"2

2

Rx + ut:.1

/

(v4u)x
pLOR%) ereel Rt uE
| 2(DRt)"2]

+-% ] erfc
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C10.

Governing
Equation

2
ac _ ac _ ac _
Rt =D 3= Vg~ ety
X

Initial Condition

c(x,0) = A(x)
Y _X (v u)x
= 3+ (o u) V+u Y expl ]
where
1/
u=v (I + 4“2
v

Note that the initial condition is of the same form as the
steady-state solution for the same boundary conditions (case
c2).

Boundary Conditions

ac
(-D % + vec)

vC 0<Ct< ¢t
{ [o] (o]
x=0

0 t >t
o

ac _
3; (”)t) =0

Analytical Solution

A(x) + (co - Ci) B(x,t) 0<tx t,
c(x,t) =

A(x) + (co - ci) B(x,t) - C, B(x,t—to) t > t,

where A(x) is the same as the initial condition, and where

ex p[(v u)x Rx - ut]

D ] erfc ————_16

| 2(DRt)

B(x,t) =

v
(v+u)

A [(v+u)x] Rx + ut]

+ exp erfc|——7
(v=u) 2D | 2(0re )2

2

+ 523 exp(X%-—~£%) erfc Rx + Vj
u 2(DRt) 2(DRE) 2



Cll.

Governing
Equation

Initial Condition

c(x,0) = A(x)
(v-u)x u-v (v+tu)x - 2ulL
CYi e - eXP[——iﬁ——] + () expl D |
et [1+ (%) exp(-uL/D)]
where
L.
2
w=v 1+
v

Note that the initial condition is of the same form as the
steady-state solution for the same boundary conditions (case
c3).

Boundary Conditions

C 0<Ct<gt
[o] [o]
c(0,t) = {

0 t>t
o

Analytical Solution

A(x) + (Co - C) B(x,t) 0<t<t
c(x,t) =
A(x) + (Co - Ci) B(x,t) - c, B(x,t-to) t>t

where A(x) is exactly the initial condition, and where
B(x,t) = Bl(x) - Bz(x,t)

with
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JX)
Bl(x) =1 - 2]2)
R UL ) + 2L
2
2. g%t
o B(By®) (8, + G 1 explyy - ¥ - Fp - —5—]
By(x,t) = ] L2 7 =
wet (B2 + (o) + k]
and
B x
2B sin(—)
E(B %) = z 7 L
2 vL vL
[Bm+(ﬁ) +ﬁ']

The eigenvalues B are the positive roots of

B cot(B ) +—= 0

m

The term Bl(x), which also appears in the steady-state solution
(case C3), converges much slower than the other terms in the
solution. This term, however, can be expressed in an alterna-
tive form that is much easier to evaluate:

exp[(v--u)x] + (u v) Xp[(v-;\l;)x _ 216_.
B,(x) =
1+ (;;;) exp(-uL/D)]

Approximate Solution

B(x,t) = B3(x,t)/B4(X)

where

1 (v=u)x Rx -
By(x,t) = 7 expl——] erfc|——;
3 2 2D [Z(DRt)/z]



+ % exp[(v+u)x] erfc[Rx + ut]

2D 2(DRt)’2
(u-v) (v+u)x - 2ul -R(2L-x) - ut)
+ exp| ] erfc
2(utv) 2D | 2(DRt)1/2 ]
(utv) (v-u)x + 2uL -R(ZL—x) + ut]
+ exp| ] erfe
2(u—V) 2D Z(DRt)l/z _

v2 pl¥L - B

- — exp| - —= erfc[ I
2ub bR 2(DRt)"2

B,(x) = 1+ (5r) exp(-uL/D)

R(2L-x) + vt]
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dc _ azc oc

Cl2. Governing R 5t D-——E - V3 T ke + v

Equation ox

Initial Condition

c(x,0) = A(x)

-u)x u-v (v+tu)x - 2ulL
2 )t GR) exel 2D ]

[u+v _ (u—v)2
2v 2v(utv)

exp[(v

Y4+ (c -X

exp(-uL/D) ]

where

%Q
u=v (1 + ﬁﬂg)
v

Note that the initial condition is of the same form as the
steady-state solution for the same boundary conditions (case
C4).

Boundary Conditions

vC 0<t<gt
oc ° °
(-D = + ve) =
x=0 0 t>t
o
dc =
&- (L,t) 0

Analytical Solution

A(x) + (Co - Ci) B(x,t) 0<tcx t,
c(x,t) =

A(x) + (Co - Ci) B(x,t) - Co B(x,t—to) t>t
where A(x) is exactly the initial condition, and where

B(x,t) = Bl(x) - Bz(x,t)

with
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. vX
® E(_,x) PLT- exp(ay

B.(x) =1 -
1 2 2
m=1 2 vL L
[5m + Qfﬁ) +'Eﬁ—]
L2 2 B 2pt
t v t
o E(B %) [B + ( ) ] exp[2D 'Eﬁ b —I?E]
Bz(x,t) =y
w=l [S +( )+P_—]
and g,w
BpX
ZVL B [/ os(——) + = VL sin(——)]
B(p, %) =

vL 2
(82 + G +——1 (B2 + G2 ]

The eigenvalues B are the positive roots of

2
mD vL

B cot(ﬁ ) - — T t%p = 0

The term B;(x), which also appears in the steady-state solu-
tion (case C4), converges much slower than the other terms in
the series solution. This term, however, can be expressed in
an alternative form that is much easier to evaluate:

expl{SRX] 4 (BT o {THOX_Z 2uL,
EA (u-v)?
utv u-v
55y = varyy exp(ul/D)]
Approximate Solution
B(x,t) = B3(x,t)/B4(x,t)
where
(v-u)x Rx - ut |
B, (X,t) = — exp[ } erfe|———17
3 (v+u) 2D Z(DRt)/Z
v (v+u)x [Rx + ut |
—= exp| ] erfc|———1;
(v-u) 2(DRt)/2

75



2
v VX t Rx + vt
+ 5— exp(— - L) erfe EE—— v
2uD D R [Z(DRt)/z

2 2 2
#e (M) L VL g T g - B erfc[R(ZL x) fyv£1
W K 2(pre)”2 |

76

_V_(__t)l/zx["_L-}E R
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v(u-v) exp[(v-l-u)x - 2uL]
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(u+v)2 2D
v(utv) (v=u)x + 2uL
- exp| ]
(u_v)Z 2D
and
(u=v)?
B4(x) =1 -ﬂ—i exp(-uL/D)
(utv)

R 4Dt

erfc[%(ZL-x) - ut

erfc[R( 2L-x) + ut

2
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Cl3.

Governing
Equation

dc d ¢ dc
R——==D—-v_—=-yu +y
ot ax2 ox

Initial and Boundary Conditions

c(x,0) = Ci

e-kt

c(0,t) = Ca + Cb

%ﬁ o,t) =0

Analytical Solution [see Cleary and Ungs ( 1974 ) and Marino

(1974b) for some special cases]
=X - X - X
c(x,t) M + (Ci u) A(x,t) + (Ca u) B(x,t) + Cb E(x,t)

where

A(x,t) = exptpt/R) {1 B % Erfc[Rx - W/:]
2(DRt) 2(DRE )72

- % exp(vx/D) erfc[ml}:-] }

2(DRt)"2
B(x,t) = % exp[(v;\l;)x] erfc ;’({D;;;;
+ ‘2‘ [(_wzuD_)}_{] erte -Izb((l);t‘)l;;
ety o o {% expl T, f[gﬁ—%]
+ 7 exp [_(_v;%)'}'{'] erfc[zx_(ﬁz]}
and with
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Cl4.

Governing
Equation

dc _
R ot D —

070’
™ N

Initial and Boundary Conditions

c(x,0) = C

Analytical Solution (see also Lindstrom and Oberhettinger 1975)

c(x,t) =
{I* (c; - ﬁ) A(x,t) + (C_ - -E) B(x,t) + C_E(x,t) (p # AR)

A (L = AR)

X - - X - X
" + (Ci Cb p) A(x,t) + (Ca p) B(x,t) + Cbe

where

A(x,t) = exp(-ut/R) {1 - -;— erfc[Rx - v;
~ 2(DRt) 2(DRE) 12
1/2
@y pre (Rx = v
nDR xp

4DRt ]

2
+ %-(l +-!%-+‘X—£) exp(vx/D) erfc[Rx + Vt]}

DR 2(DRt)/2
(v-u)x Rx - ut |
B(x,t) = (—) exp[—nX] erfc|——F
v+u 2D Z(DRt)b
(v+u)x [Rx + ut |
+ ( ) exp| ] erfc
Lz(DRt);Z_
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2ub

E(x,t)

2
v vx _ ut Rx + vt
+ — exp(—ﬁ R) erfc[—————q—]

2(DRt)/2

(___) exp [(v+w)x] erfc[Rx + w;] }

2

and

c
]

yb
v (1 +-£E§)

v

%
|

=v 1+ 2 - W)
v

v vx _ pt Rx + vt
+‘§5TE:X§7 exp(— z) erfe [ ]

%Q

e—xt{(viw) exp[(v w)x] erfc[;————17]

(DRt)

2(DRt) 2(DRE) 2
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Cl5.

Governing
Equation

Initial and Boundary Conditions

c(x,0)

(]
(¢}

c(0,t)

"
mO
+
(@]

oc =
™ (L,t) =0

Analytical Solution

c(x,t) =
- -X
35+ (c, ﬁ) A(x,t) + (C_ u) B(x,t) + C, F(x,t) (p # AR)
- _ - X -t =
%+ (c;- ¢ -E) A(x,t) + (C_ p) B(x,t) + C, e (g = AR)
where
s VX £ vt BiDt
ACx,e) = [ E(B,x) explyy = = gpx ~ 7]
m=1 L°R
B(x,t) = Bl(x) - Bz(x,t)
z vX
= E(B,x) Y- exp(
Bj(x) =1 - ] 3 5
2 2 g2pe
z . YL vk _pt vt _m
E(Byx) [B) + GGp) 1 explyy - 5 =~ 45 2y
By(x,t) = ] 7 .2
m=1 2 vL _&
[Bm + CEB) + D ]
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F(x,t) = e At [F,(x) - F,(x,t)]

2
o E(px) LT AL o, 0x
Fl=1- 2 )
R (R A N BaR L L
2 2 glne
2 vL vxX _ ut _vt 'm
o E(Bm,x) [Bm + (ﬁ) ] exp[ﬁ =X + At ZDR -——LZR]
m=1 2 vL (0 - AR)L
(82 + Gy + LI ARL,
and
B X
28 sin(———)
E(B_,x) =
m 2
2 vL vL
[Bm + CEB) +'§B]

The eigenvalues Bp are the positive roots of

vL _
Bm cot(B ) + — 5D = =0

The terms Bl(x) and Fl(x) converge much slower than the other
terms in the series solution. Both B;(x) and F 1(x), however,
can be expressed in alternative forms that are much easier to
evaluate (case C3):

exp[(v—u)x] + (2_!) [(v+u)§D— ZuL]
BI(X) =
1+ CG;;) exp(-uL/D)]
exp[(v w)x] + (w-v ex [(v+w)§D— 2wL]
Fl(x) =
[1 + (;;;) exp(~-wL/D) ]
where
yé
u=v (1 + 4“2
v



1/2
w=uv [l +-£g(u - A\R)]
v

Approximate Solution

A(x,t) = exp(-pt/R){l —-% erfc Rx = v;
2(DRt) 2(DRe )2

—-% exp(vx/D) erfc Bé—t—%§
2(DRt)’2

v(2L-x)
D

—7[24-

2
VDE] exp(vL/D) erfc[k(ZL_x) + Vt]

2(1)Rt)1‘/2

2
+ (Z:_t) exp[l% 4Dt(2L—x +—-) ]}

B(x,t) = B3(x,t)/B4(X)

where
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[(v u)x
PORNR
[ 2(DRt) "2

D ] erfe|———mr1;

B3(x,t) -l
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—1
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2
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B4(x) =1+ (%i%) exp(-uL/D)
and
F(x,t) = e—xt F3(x,t)/F4(x)

where

1 (v-w)x Rx - wt
Fa(x,t) = = exp[———] erfc|——1;
> 2 2D [Z(DRt)/z]

1 (vHw)x Rx + wt
+ - expl | erfe|——x;
2 2D [Z(DRt)/z]

[R(2L-x) - wt]
1
2(DRt)2

(w-v) exp[(v~+w)x - 2wL

Mo TR

erfc

+ (wiv) exp[(v-w)x + ZWL] 7R(2L—x) + wt |

f
2(w-v) 2D L 2Ry
5 .
v vL pt R(2L-x) + vt
S ——————————— — - <+
ID(p = R exp(— g 1AL erfc[ 2(DRtﬁQ ]

Fo(x) = 1+ (%) exp(-wL/D)



ac 32c ac

Cl6. Governing R-gE =D —5 " Vg M + v

Equation 9x

Initial and Boundary Conditions

c(x,0) =0
ac _ -At
(—D-EE + ve) = v(Ca + Cb e )
x=0
ac
K (L,t) =0
Analytical Solution
c(x,t) =
YT+ (c,-Y ax,t) + (c-Y) B(x,t) + C,_ F(x,t) (u # AR)
u i u ’ a u ’ b ’
X - -X - X -At =
" + (Ci Cb u) A(x,t) + (Ca u) B(x,t) + Cbe (u = AR)
where
2
o 2 B~ Dt
= vx _ut vt _ 'm
A(x,t) = ] E(B,,x) explopy - ¢ ~ 731 7]
m=1 LR
B(x,t) = Bl(x) - Bz(x,t)
. uLz vX
© E(B ,x) — exp(53)
m D 2D
B (x) =1 - z
1 m=1 2 vL 2 uL2
[Bm + (.Z—D) +-D—]
2 82Dt
vX ut vt m

2
2 vL
E(B,.%) (8 + Gop) 1 explzp =~ 5 ~ g5 =~ 5]

2 2
2 vL uL
(82 + (3D + 2

B,(x,t) = ]
m=1
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F(x,t) = e MC[F (x) - Fy(x,t)]

© E(B,,%) (CREI TARL oxp ()
Fl(x) = 1 - 2 )
m=1 2 vL (y - AR L
[Bm + (—23) + B e—
2 vL 2 vx ut vzt BiDt
o0 E(Bm’x) [Bm + (Tﬁ) ] exp "23 - _R + )\t - —[b—D-ﬁ - —LZEI
Fz(x,t) = z 5 ( ) 5
m=1 2 vL u - AR)L
(62 + by + 2R
and
B _x B x
2vL m vL m
<5 B [By cos(—jf—) + QEB) sinQ—t—)]
E(Bm,x) = 2

2 2
82+ Gy + 1 182+ G ]

The eigenvalues Bm are the positive roots of

2
8D
m- vL
Bm COt(Bm) T VL %D =0

The terms Bl(x) and F (x) converge much slower than the other
terms in the series solution. Both B (x) and F (x), however,
can be expressed in alternative forms that are much easier to
evaluate (case C4):

expl{T50%] 4 () expp{THule s 2L
B,(x) = 2
[y - orors exp(-ul/D)]
exp (v;g)x + (%ig) exp[(v-o-w)ZD ZWL]
F i) = 7
(D) - rtaryy exp(-wL/D)]
where
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Approximate Solution

A(x,t) = exp(-ut/R) {1 - % erfe|XE = VI;]
2(DRt)’2

1
)
) epre (R - ve)?)
DR P 4DRt
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> =+ 5% T
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B(x)t) = B3(X, t)/Ba(X,t)

where
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F(x,t) = e AF F3(x,t)/F4(X)
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5. EFFECT OF BOUNDARY CONDITIONS

In this section we will present several calculated solute
distributions as a function of distance and time. Special
attention will be given to the effects of the applied upper and
lower boundary conditions. The results are generalized by
making use of the following dimensionless variables

P = vL/D T = vt/L z = x/L [14]

where P is the column Peclet number, T is the number of dis-
placed pore volumes, and z is the reduced distance. To make
the solutions for a semi-infinite system applicable to a finite
profile of length L (for example, a 1laboratory soil column),
the reduced distance cannot exceed one (0 < x < L).

Figure 1 shows calculated distributions obtained with the
solutions of cases Al (first-type boundary condition at x = 0;
semi-infinite profile), A2 (third-type boundary condition;
semi-infinite profile), A3 (first-type boundary condition;
finite profile), and A4 (third-type boundary condition; finite
profile). Results are given for P-values of 5 and 20, and at
times equivalent to displaced pore volumes of 0.25 and 1.0.
The retardation factor (R) is assumed to be one; by replacing T
by T/R, the curves in figure 1 also hold for values of R other
than one. Furthermore, the curves are for no production and
decay (y = p = 0), for an initial concentration (Ci) of zero,
and for a continuous input concentration (Co) of one.

A considerable effect of the upper boundary condition on the
results is apparent at a Peclet number of 5. The curves for a
first-type boundary condition (cases Al and A3) are much higher
than those for a third-type boundary condition (A2, A4)
throughout the entire profile. The curves for a semi-infinite
system (Al, A2), furthermore, are very similar to those for a
finite system (A3, A4) at relatively small times (T < 0.25 in
fig. 1). This similarity occurs when the solute fronts are
still not influenced by the lower boundary. Large differences
between the solutions for a finite and semi-infinite system,
however, are present at later times. These differences are
greatest after about one pore volume. When P increases from 5
to 20, the differences between the various solutions become
much smaller. Note that for P = 20 the solutions for a finite
and semi-infinite system deviate from each other only in a very
small region near the lower boundary.

From a large number of comparisons we found that the solution
for a finite system can be approximated with an accuracy of at
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Figure 1. Calculated concentration distributions for R=1 and
P-values of 5 and 20, respectively. The curves
were obtained with the analytical solutions of
cases Al, A2, A3, and A4.
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least four significant places by solutions for a semi-infinite
system as long as z is restricted to

0<z< .9 - 8/P. [15]

This empirical rule, which holds for all values of T, applies
also for cases where production or decay terms are present.
For relatively small values of T (for example, for T less than
0.25 in fig. 1), [15] could be expanded to a much larger part
of the profile.

Except for the region close to the column entrance, the largest
differences between the four solutions occur at the lower
boundary after about one pore volume. Figure 2 shows the
effect of P on the lower boundary concentration at T = 1 for
the four analytical solutions. The curves diverge considerably
from each other at the lower Peclet numbers. The curves for Al
and A4 approach each other slowly when P increases; at a Peclet
number of 10, the difference is only 0,05 unit. The curve for
A2, although always less than 0.5, converges to 0.5 rather
quickly; it reaches a value of 0.493 at P = 10.

Differences among the various analytical solutions, such as
those shown in figure 2, are important. Estimates of the
coefficients P and R in the transport equation are often
obtained by fitting one of the analytical solutions (Al to A4)
to observed column effluent data (van Genuchten 1980). This
procedure assumes that the exit concentration can be equated to
the concentration at the lower boundary.

Although considerable differences between the analytical
solutions are present, even at Peclet numbers as high as 100 to
200, the significance of these differences are somewhat mis-
leading when judged from figure 2 alone. This is because of
the increasingly steeper slope of the exit concentration when
plotted against T. This effect 1is shown in figure 3, where
effluent curves are given for Peclet numbers of 5, 20, and
60. Figure 3c shows that only a small displacement is needed
to let all solutions converge to the same curve (P = 60). The
maximum differences between the curves in figures 3b and 3¢,
furthermore, are roughly of the same order of magnitude as the
experimental errors one may expect in carefully obtained
effluent curves. It seems likely, therefore, that the effects
of the imposed mathematical boundary conditons can be neglected
when P reaches values of about 20 or 30.

Two additional observations follow from figure 3. First, the
effluent curves for cases Al and A4 are very close when P is
about 5 or higher. This property was demonstrated earlier by
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Parlange and Starr ( 7975 ). The errors introduced by approx-
imating the solution of A4 by the much simpler solution of Al
are about the same as the differences between the curves Al and
A4 in figure 2. Second, the curves for Al in figure 3 are
located exactly between those for A2 and A3. In equation form
this can be expressed as

CA3 = chl - CA2 (X‘_‘L) [16]

where the subscripts Al, A2, and A3 refer to the appropriate
analytical solutions. This last property, which is extremely
accurate for values of P that are not too small, follows
directly from the approximate solution of case A3. Similar
relations apply for all approximate solutions for a finite
system and a first-type boundary condition at x = 0 (that is,
also for nonzero values of A, p, and y). For example, for case
C7 one has

CC7 = ZCCS - CC6- (X=L) [17]

The above discussion of the boundary effects is restricted to
cases where the production and decay terms are zero. Similar
effects of the boundary conditions can also be demonstrated
when either y, u, or both are nonzero. Only a few comments for
these cases will be given here. The effects of the boundary
conditions are generally more pronounced for the special case
of zero-order production only (y # O, up = 0). This is shown in
figure 4 where the steady-state solutions of cases Bl to B4 are
plotted for two values of the column Peclet number. Results
are given for C, = 1 and a value of one for the dimensionless
rate term

7 = yL/v. [18]

The differences Eetween the four solutions are considerable,
especially when P equals 5. Note that the solution for case Bl
is independent of P.

The effects of the boundary conditions are generally less
significant when, in addition to zero-order production, the
chemical is also subject to first-order decay. Figure 5 shows
the steady-state solutions of cases Cl to C4, for two values
of Yy, and for a value of one for the dimensionless decay
constant

I). = pL/v. [19]

The curves for the two values of y are, in this particular
example, symmetric with respect to the line ¢ = 1. Note that,
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at a Peclet number of 20, the finite and semi-infinite solu-
tions are essentially the same over the region 0 < z < 0.95.
The effects of the boundary conditions are generally more
pronounced when the ratio y/p increases; the effects are
relatively small when y = 0 and p is large.

6.  NOTATION

Symbol Definition

c Solution concentration.

CAl» CA2s €a3 Effluent concentrations based on the solu-
tions of cases Al, A2 and A3, respectively.

Ccs» Ccgr ©c7 Effluent concentrations based on the solu-
tions of cases C5, C6, and C7, respectively.

Ci» 02 Constants in several initial conditions
(table 1).

Cas Cp Constants in several boundary conditions
(table 1).

C; Initial concentration (table 1).

C, Input concentration (table 1).

D Dispersion coefficient.

f(x) General initial condition.

g(t) General input concentration.

k Distribution constant.

L Column length.

P Column Peclet number (P = vL/D).

q Volumetric flux.

R Retardation factor (R =1 + pk/#6).

S Adsorbed concentration.

t Time.

to Duration of solute pulse (table 1).



Pore volume (T = vt/L).
1

u = (v2 + 4pD)/.

Pore-water velocity.

1
w = [v2 + 4D(|.1-AR]/2,

Distance.

Constant in several initial conditions (table 1).

1
y = (v2 - 4)\DR)/2.

Reduced distance (z = x/L).

Decay constant in several initial conditions
(table 1).

m—-th eigenvalue.

General zero-order rate coefficient for produc-
tion.

Zero-order solid phase rate coefficient for
production.

Zero-order liquid phase rate coefficient for
production.

Dimensionless zero—order rate coefficient

Volumetric moisture content.

Decay constant in several boundary conditions
(table 1).

General first-order rate coefficient for decay.

First-order solid phase rate coefficient for
decay.

First-order liquid phase rate coefficient for
decay.

Dimensionless first—-order rate coefficient
(ﬁ = P.L/V)o

Bulk density
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APPENDIX A,--TABLE OF LAPLACE TRANSFORMS

£(s) =/(; e °Y F(t) dt

The following abbreviations are used in the table:

1 X
A= 7 e )
= X
B = erfc(2/t
Cc = exp(azt - ax) erfe(s>— - art)
2/t
D = exp(azt + ax) erfc(=>— + avt)
2/t

f(s) F(t)

-xvs X
e ﬂ A
e—x/s
Ts A

-xv/s
£ B
s

e—x/s
S_/S- 2t A-x B

-xvs
e 1 2
2 i-(x + 2t) B - xt A
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APPENDIX A.--Table of Laplace Transforms—--Continued

f(s) F(t)
—S:ffi (ZH:)n/2 inerfc(—z—) (n=0,1,2 )
S1+n/2 2/t 2o
-Xv's
'/—S—-e—z—— A+%(C"D)
s-a
-Xvs 1
— (C + D)
s—az 2
-Xvs 1
- (C - D)
/s(s=a®) 2a
/s & %78 t:A+Z-l—(l—ax+2a2t)C
7 a
(s-a”) _1 2
%a (1 + ax + 2a"t) D
e-x/s 1 1
S 2 z;(zat—x)c+zz(2ac+x)n
(s-a”)
-Xvs
e La-L q+ax-2%)c
2 2 a2 4a3
V/s(s-a")
1 2
+ — (1 - ax - 2a“t) D
3
4a
-xvs
/s e X X 2
Tatis (Gg-)Aat+ta D
-xXvs
e
atls A-abd
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APPENDIX A.--Table of Laplace Transforms—--Continued

(s-az)(a+/s)

4

£(s) F(t)
e-x/s
vYs(atv/s) D
e-x/s 1
s(at7s) 2 B-D
-Xvs
e 2t 1 1
sv/s(atvys) _;'A ;5(1 + ax) B +';§ D
e-x/s —% (1 + ax + azt +-% a2x2) B
- a
s (atvs) 1 N
-—3—1)-—2- (2 + ax) A
a a
e-x/s 1 [ nil ror x
D - (-2avt) 1 erfc(—)]
s(n+1)/2(a+/s) (-a)® =0 2/t
Vs e_x'/s 1

C +-% (3 + 2ax + 4a2t) D - at A

X8 1 1 2
5 tA+-Z;C--Z;(1+Zax+4at)D
(s—a“)(atvs)
-Xvs
e2 12 C +-—l§ (-1 + 2ax + 4a2t) D --% A
vYs(s8=a“) (at+v/s) ba 4a

-xvs
e

s(s-az)(a+/s)

4a

1
3

4
3
a

B +

4a

t
2
a

o] +-—l§(3 - 2ax - éazt) D

A




APPENDIX A.--Table of Laplace Transforms--Continued

£(s) F(t)
—-t—z- (1 + ax + Zazt) A
4a
-xv's
& 5 +—13-(4a2t - 2ax -1) C
(s-az) (atvs) 16a
- 13 [4a2t -1+ 2a2(x + Zat)zl D
16a
-Xvs
-'is——?———i (1 + 2a2t) A - a(2 + ax + 2a2t) D
(a+ys)
e—x/s 2
— (1 + ax + 2a”t) D - 2at A
(a+/s)
e—x/s
— 2t A - (x +2at) D
v/s(atv/s)
-Xv/s
———e———i 1—2(—1+ax+2a2t)D+—;B-£A
s(at+v/s) a a a
4t 1
—x/s —fA ——5(2+ax)B
e a a
2
syYs(atvs) ___:13 (-2 + ax + Zazt) D
a
—117 (3 + 2ax + a2t -0-l azxz) B
2
-xvs a
&
sz(a+»’s)2 + -—% (-3 + ax + 2a2t) D - —%— (6 + ax)t A
a a
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APPENDIX A.--Table of Laplace Transforms--Continued

f(s) F(t)

-xvs ~% (3 + ax + 2a2t) A +-—l C

Vs e 8a

(s—a2)(a+vs)?

2

-'ﬁé [1 + 6ax + 16 a“t + 2a2(x + 2at)2] D

L C -t (1 + ax + 2a2t) A

-xvs 8a2 2a
e
2 2

(s-a”)(at/s) +-—li [-1 + 2ax + 8a2t + 2a2(x + 2at)2] D
8a
-xvs £ (-1 + ax + 2a2t) A +-—l— c
e 2 3
2a 8a

/s(s—az)(a+/s)2

- [1 - 2ax + 2a2(x + 2at)2] D

8a3
1 2
7 [1+ a(4a’t - 1)(x + 2at)
l16a
-Xxvs
e2 +-% a3(x + Zat)3] D
(s-az) (a+/5)2
- 14 (1 + ax - 2a%t) ¢C
l6a
- —5 -3 + 4a’t + a%(x + 2at)?] A
3
12a
-Xxvs 2
lﬁiii___jg [1 + 2ax + 5a’t + %— (x + 2at)%] D
(a+vs)
- at(4 + ax + 2a2t) A
e‘XJS t(2 + ax + Zazt) A
(a+/s)3

- [x + 3at +-% (x + 2at)2] D
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APPENDIX A.—-Table of Laplace Transforms—-Continued

£(s) F(t)
e-x/s 1 2
— [t +-§ (x + 2at)“] D - t(x + 2at) A
Vs (a+v/s)
t [-3 + 3ax + 14a2t + Zaz(x + Zat)Z] A
-xvs 2
e 12a
(s-az)(a+/s)3 1
+ [Cc + (2ax - 1) D]
3
16a
- E%Z [3(x + 2at)(x + 6at) + 2a(x + 2at)3] D
16 2 2 2
/s e-x/s t[2 + 2ax +-—§ a‘’t +-%— (x + 2at)”] A
4
(a+/s) - [x + at + a(x + 2at)(x + 3at)
2 3
+§—- (x + 2at)”] D
e X8 [t +% (x + 2at)(x + 4at) +2 (x + 2at)%] D
(a+vs)®
- [3x+ 10 at + a(x + 2at)?] A
e_x’/s % [4t + (x + 2at)2] A
/s(atvs)®
- [t(x + 2at) +-% (x + 2at)2] D
1 1
e—x/s 7(a+b) Cc - 7(a<D) D

(s—az)(b+/s)

exp(bzt + bx) erfc(=>— + byt)

+ 27t

b
az- b2
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APPENDIX B.——SELECTED COMPUTER PROGRAMS

This appendix contains a series of tables listing user-oriented
computer programs of several key analytical solutions of the
one-dimensional convective-dispersive transport equation. Each
program is augmented with sample input data and associated
listings of the computer printout. The sample programs con-
sidered are those for cases Al (together with A2), A3, Bl4, and
C8. A numerical computer solution (N1) is also provided. This
solution may be used for those cases where no analytical solu-
tion is available.

Table 2 (page 111) lists the most significant variables in the
computer programs. The names of similar variables in different
programs have been kept the same whenever possible. Table 3
lists the sample input data used for the five computer pro-
grams. A listing of the function EXF, which is common to all
programs except N1, is given separately in table 4. This
function will be discussed below. Listings of the programs
themselves, together with the computer output, are given in
tables 5 and 6 for case Al, tables 7 and 8 for case A3, tables
9 and 10 for case Bl4, tables 11 and 12 for case C8, and tables
13 and 14 for case N1 (the numerical solution).

The function EXF(A,B), which appears in all programs except N1,
is listed in table 4. This function defines the product of the
exponential function (exp) and the complementary error function
(erfc) as follows

EXF(A,B) = exp(A) erfc(B) [B1]
where
2 o 2
erfc(B) =~ [ exp(-1“) dr. [B2]
B

Two different approximations are used for EXF(A,B). For
0< B<3 (see also equation [7.1.26] of Abramowitz and
Stegun 1970):

EXF(A,B) = exp(A - BZ)(a T+ a r2 + a T3 + a 14 + a 15) [B3]
1 2 3 4 5
where
T = - [B4]
1 + 0.3275911 B



a; = .2548296 ap = -.2844967
ag = 1.061405 [B5]

and for B > 3 (see also equation [7.1.14] of Abramowitz and
Stegun 1970):

EXF(A,B) = 7%-exp(A - B2)/(B + 0.5/(B + 1./(B + [B6]

1.5/(B + 2./(B + 2.5/(B + 1.)))))).

For negative values of B, the following additional relation is
used:

EXF(A,B) = 2 exp(A) - EXF(A,-B). [B7)

The function EXF(A,B) can not be used for very small or very
large values of its arguments A, B. The function returns zero
for the following two conditionms:

|a| > 170 |a - Bz| > 170 (B8]
B<O or B>O0

The computer programs for the analytical solutions are all
written in double precision FORTRAN 1IV; they produce answers
that have an accuracy of at least four significant digits.
Initially, some problems were encountered with an accurate
evaluation of the approximate solutions for the finite systems,
especially those that are applicable to flux-type soil surface
boundary conditions (cases A4, C8). These approximate solu-
tions require the addition and substraction of very large
numbers, leading to large roundoff errors and an overall
accuracy of at most three significant places when P > 100. The
following procedure, first suggested by Brenner (1962), was
used to derive alternative and more easily evaluated forms of
the approximate solutions.

As an example, consider the approximate solution Cpy4 Oof case
A4, This solution can be written in the form

CA4 = CAZ + G(x,t) [Bgl

where cpo 1is the analytical solution of case A2 and where
G(x,t) is given by

L.
2
4v2t

vt vL R
;ﬁﬁ{-) —)1]

2
G(x,t) = ( [1 +-z%(2L—x + X xp[—B - ZBE(zL_x +.!§) ]
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2
v 3vt v vt
7 [2L-x + 7R + 4D(2L X + R) ].

[B10]

exp(vL/D) erfc[%(ZL—x) t%:t]

2(DRt)

The approximate solution is used only for relatively large
values of the argument in the erfc-function of [Bl0]. A
suitable asymptotic expansion for erfc is therefore (equation
7.1.23 of Abramowitz and Stegun 1970):

erfe(s) - SXR(=B%) {1 RN C Vi [1.3....(2m—1)]} (B11]

BYm n=1 ) B2m

Substituting [Bl1l] into [Bl10] and combining appropriate terms
allows several of the lead terms in the series to be
cancelled. Additional simplification leads to the new form

4 2 %& L R 2
2t " (m-1)vt
T (_l)m-'-l[lo3oooo(2m—1)] (_R-—) [ZL—X -—T-—]
Z [B12]
m=1 vt 2m+1
(ZL—X + —R-)

This series expansion converges rapidly; at most five terms of
the series are needed to generate answers that have an accuracy
of 4 significant digits. An important advantage of [Bl2] is
that the expression now can be evaluated easily in single
precision arithmetic  without affecting the four-place
accuracy. However, the double precision format of the computer
programs has been retained for the present. Wherever
necessary, asymptotic expansions similar to [Bl12] for case A4
were derived also for the other cases involving a finite
system; they have been included in the computer solutions.

The numerical solution N1, listed in table 13, is based on a
linear finite element approximation of the spatial derivatives
in the transport equation and a third-order finite difference
approximation of the time derivative. The theoretical basis of
this particular scheme is discussed elsewhere (van Genuchten
1977 , van Genuchten and Gray 1978) and will not be reviewed
here. The program assumes that the nodal spacing (DELX) and
the time increment (DELT) remain constant.



Table

Variable

APRX

BETA

Cc(I)
co

CA, CB

CI
CONC

CONS(V,D,R,...)

DBND

DELT
DELX

DONE

DT
DX

DZERO

2 o——List
computer programs

of the most significant variables in the

Definition

Variable to indicate if the solution for a
semi-infinite system can be used to approx-
imate the solution for a finite system: APRX
= x/L - 0.9 + 8/P. (A3, C8).

Dummy variable for the I-th eigenvalue, G(I).
(A3, cC8).

Dummy variable for concentration, c.
Nodal values of concentration (N1).
Constant input concentration, Co‘

Constants (Ca’ Cb) in several boundary
conditions (see table 1). (Bl4, N1).

Constant initial concentration, Cy.
Concentration, c.

Subroutine to calculate the concentration for
a finite profile (A3, C8).

Dispersion coefficient.

Constant (a) in several boundary conditions
(see table 1). (Bl4, C8).

Time increment in numerical solution (N1).
Nodal distance in numerical solution (N1).

First-order rate coefficient for decay, u.
(c8, N1).

Increment in time for computer printout.
Increment in distance for computer printout.

Zero-order rate
Y. (Bl4, N1).

coefficient for production,
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Table 2.--List

of the most significant variables in the

computer programs—-Continued

Variable

EIGEN1(P)

EIGEN3(P)

EXF(A,B)

G(I)

KINIT

KSURF

NC

NSTEPS

112

Definition

Subroutine to calculate the first 20 eigen-
values (B.) for the series solution of a
finite profile with a first-type boundary
condition (A3).

Subroutine to calculate the first 20 eigen-
values (B,) for the series solution of a
finite profile with a third-type boundary
condition (C8).

Function to calculate exp(A) erfc(B).

Vector containing the first 20 eigen-val-
ues (Bi) for the series solutions (A3, C8).

Input code for the initial condition in the
numerical solution. If KINIT = -1, the con-
stant initial concentration (CI) is read in:
if KINIT = 0, the 1initial concentration is
specified in the program itself; if KINIT = 1,
the individual nodal values of the concen-
tration, C(I), are read in separately (Nl1).

Input code for the upper boundary condition in
the numerical solution. If KSURF = 1, a
first-type boundary condition is specified; if
KSURF = 3, a third-type boundary condition is
specified (N1).

Number of terms in the series solution; if N
equals zero in the printout, the approximate
solution was used (A3, C8).

Number of examples considered in each pro-
gram.

Number of elements in the numerical solution
(N1).

Number of nodes in the numerical solution:
NN = NE + 1 (N1).

Number of time steps in the numerical solu-
tion (Nl) .



Table 2.--List of the most significant variables in the
computer programs—--Continued

Variable

P

R

T

TO
TI
TIME

TITLE(I)

™

TOL

vvo

X(I)

XI

Definition

Column Peclet number: P = vL/D.

Retardation factor.

Dummy variable for t or (t-t,).

Duration of tracer pulse added to profile, toe
Initial time for computer printout.

Time, t.

Vector containing information of title card
(input label).

Final time for computer printout.

Convergence criterion for series solution (A3,
c8).

Average pore-water velocity, v.

Dimensionless time: VVO = vt/x. Equals num-
ber of pore volumes if x = L.

Distance, x.

Nodal coordinates in numerical solution (Nl1).
Initial distance for computer printout.
Column length, L. (A3, C8).

Maximum distance for computer printout.
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Table 3.==Sample input data for the 5 computer programs listed in this bulletin

Column: 12345678901234567890123456789012345678901234567890123456789012345678901234567890
Program Card 1 2 3 4 5 6 7 8
Al 1 2
2 EXAMPLE Al-1 (P=5)
3 1.0 4.0 1.0 1000.0 .0 1.0
4 .0 2.0 20.0 5.0 5.0 25.0
5 EXAMPLE Al-2
6 25.0 37.5 3.0 5.0 .0 1.0
7 100.0 .0 100.0 1.0 1.0 30.0
A3 1 2
2 EXAMPLE A3-1 (P=5)
3 1.0 4.0 1.0 1000.0 .0 1.0 .0001
4 .0 2.0 20.0 20.0 5.0 5.0 25.0
5 EXAMPLE A3-2
6 25.0 37.5 3.0 5.0 .0 1.0 .0001
7 100.0 .0 100.0 100.0 1.0 1.0 30.0
Bl4 1 1
2 EXAMPLE Bl4-1
3 25.0 37.5 3.0 ) 25 .0 .0 10.0
4 .0 5.0 100.0 2.5 2.5 7.5
Cc8 1 2
2 EXAMPLE C8-1 (P=5)
3 1.0 4.0 1.0 1000.0 5 25 .0 1.0
4 .0 2.0 20.0 20.0 5.0 5.0 25.0 .0001
5 EXAMPLE C8-2
6 25.0 37.5 3.0 5.0 5.0 25 .0 1.0
7 .0 5.0 100.0 100.0 2.5 2.5 12.5 .0001
N1 1 2
2 EXAMPLE A3-1 (P=5)
3 40 125 1 -1 o5 o2 5.0 .0 .0 .0
4 1.0 4.0 1.0 .0 1.0 .0 1000.0
5 EXAMPLE Bl4-1
6 40 125 3 -1 2.5 .1 2.5 .5 .0 .25
7 25.0 37.5 3.0 .0 .0 10.0 1000.0




Table 4.--Fortran listing of the function EXF(A,B) = exp(A) erfc(B)

OO0

S+ OUN

EXF
FUNCTICN EXF(A,B)
PURPOSE: TO CALCULATE EXP(A) ERFC(B)

IMPLICIT REAL*8 (A-H,0-2)

EXF=0.0

IF((DABS(A) «GTe170e)<AND. (BeLE«Oe)) RETURN
IF(B.NE.0O.O) GO TO 1

EXF=DEXP(A)

RETURN

C=A-B*8B
IF((DABS(C)eGTe170s)<ANDe(BeGTe0.)) RETURN
IF(CelLTo—-170.) GO TO 4

X=DABS(B)

IF{X<GT.3.0) GO TO 2

T=1e/(1e+4.3275911%X)

Y=T#(42548296-T*(.28449€7-T*(1+421414-T*(1+453152-1.061405%T))))

GO T0O 3

¥Y=e5641896/(X4+a5/(X41e/(X+15/(X4+2e/(X42.5/(X+1.))))))

EXF=Y*DEXP(C)

IF(BeLT<0.0) EXF=2.*DEXP(A)-EXF
RETURN

END
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Table 5.--Fortran listing of computer program Al. The function EXF is listed in

i deabe e o e ol et o o o e oo s e o e ook ol ok ol etk ok o o ok el ok o ook s ke o ok o ok koK ok ok ok ok 3 ok

ONE-DIMENSICNAL CCNVECTIVE-DISPERSIVE EQUATIGN Al

Fe 3k e e e 3 Fe e g e 4 o e 3 ke e 3 Je ke A 3k 3 B 3 A ek A e Ak o 3k ok ok Ak ek ok ok k3 o e 3 a3k 3 % e ale e ok ak 3 Ak Ak Kk %ok

CO (T.LE.TO)

%*
%*
*
x
*
*
*
*
%*
0 (T.GT.TO) *
*
*

——=-— READ NUMBER OF CURVES TO 8E CALCULATED -----

table 4
MAIN
C
C
C
C %*
C %*
C *
C * SEMI-INFINITE PRCFILE
C *
C * N3 PRODUCTION OR CECAY
C * LINEAR ADSORPTICN (R)
C * CONSTANT INITIAL CCNCENTRATION (CI)
c * INPUT CONCENTRATICN
C *
C *
C %*
C
IMPLICIT REAL*8 (A-H,C-2)
DIMENSION TITLE(20)
C
C
READ(5,1000) NC
DO 4 K=1,NC
READ(5,1001) TITLE
WRITE(6,1002) TITLE
C
C ————= READ AND WRITE INPUT PARAMETERS ===--
READ(5,1003) V,DsR,T0,CI,CO
READ(5451003) XIsDXsXM,TI4DT,TM
WRITE(6,1004) V4,D,R,TC,CI,CO
C
C ——
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D=D/R

vV=V/R

IF(DX.EQ.0.) DX=1.0
IF(DT.EQ.0.) DT=1.0
IMAX=( XM+DX-X1)/DX
JMAX=(TM+DT-TI1)/DT
E=0.0

D0 4 J=1,JMAX
IF(IMAX.GE.J) WRITE(6,1005)
TIME=TI+(J=-1)*DT

DO 4 I=1,IMAX
X=XI+(I-1)*DX
Vv0=0.0

IF(X.E&.0.) GO TO 1
VVO=V*R*TIME/X

DO 2 M=1,2

Al1=0.0



MAIN

A2=0.0

T=TIME+(1-M)*TO

IF(T.LE.O.) GO TO 2
CM=(X-V*T)/DSQRT (4. *D*T)
CP=(X+V*T)/DSQRT(4.%D*T)

Q=V*X/D

Al=0.5*%(EXF(E,CM)+EXF(Q,CP))
A2=0.5%EXF(EsCM)+V*DSQRT(«2183099%T/U)*EXF(-CM*CMyc)=0e5%(letutV¥V
1*T/D)*EXF(QsCP)

IF(M.EC.2) GO TO 3
CONC1=CI+(CO-CI)*Al
CONC2=CI+(CO-CI)*A2

CONTINUE

CONC1=CCNC1-C0*Al

CONC2=CONC2-CO*A2

WRITE(6,1006) XsTIME,VVC,CCNC1,CONC2

FORMAT (15)
FCRMAT (20A4)

1002 FORMAT(1H1,10X482(1H*)/11Xs1H*y80Xs1H*/11Xy1H*,9Xy "ONE-DIMENSIONAL

1 CONVECTIVE-DISPERSIVE EQUATIUN' 425Xy 1H*/11Xy1H* 480X s1H*/11Xs1H¥*,
29X, *SEMI-INFINITE PROFILE' 50Xe1H*/11Xy1H*%,9Xy, '*NC PRODUCTION AND D
3ECAY ' 348X 1H*/11X y1H%*9GX, "LINEAR ADSORPTIUN (R) '950Xy 1H*¥/11Xy1H%*,9
4X,*"CONSTANT INITIAL CCNCENTRATION (CI)'936Xy1H*/11Xy1H¥*,9X,*INPUT
SCONCENTRATION = CO (ToLESTC)'y37Xs1H*/11Xs1H*,29X,'= 0 (T.GT.TO)?
6937TXy 1HX/ 11Xy 1H*y 80Xy L1H*/11Xs1H*420A4 41H%*/11X,1H%*, 380Xy 1H*/11X,82(1
TH*) )

1003 FORMAT(8F10.0)
1004 FORMAT(//11X,*INPUT PARAMETERS'/11Xe16(1H=)//11Xs"'V ='3F12e4915X,y"

1D =" 3F12e4/11Xs'R =",F12.4415X,'TO ="3F11e4/11Xy'Cl ="9F1lie4915X,y"
2C0 ='4,F1ll.4)

1005 FORMAT(///11X s*'DISTANCE"' 311Xy *TIME"97Xs'PURKE VULUME',12X,*CONCENTR

LATION®'/14Xs " (X) " 313X *(T) ", 11X, (VVO)*y6X,y "FIRST-TYPE BC'y4X,'THIR
2D-TYPE BC')

1006 FORMAT(4X33(5XsF10e4)s3X9F12.495X9F12.4)

STOP
END
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Table 6.--Sample output from computer program Al

e e et o o ek e et ot st ol s sk etk Aok ok o ok kol Kok Ak Aok ok ok R okl ook ok ok kol ok ol dokok ok ook 3ok
ONE-DIMENSIONAL CONVECTIVE-CISPERSIVE EQUATION

* *
* *
* *
* SEMI-INFINITE PROFILE *
* NO PRODUCTION AND DECAY *
* LINEAR ADSORPTICN (R) *
* CONSTANT INITIAL CONCENTRATION (CI) *
* INPUT CONCENTRATION = CO (T.LE.TO) *
* = 0 (T«.GT.TO) *
* *
%* *
* *
* *

EXAMPLE Al-1 (P=5)

% 3% 3 e 3 e e e A Fe ok ek s e e e ek e o e o e Aol e ke ok o e e 3 e ol Bkl ook ke ook ok e el o ek sl ok s o ok s e ok ok e e o ol ol ke e ok ol o ok ok ke ok e ok

INPUT PARAMETERS

vV = 1.0000 D = 4.0000
R = 1.0000 T0 = 1000.0000
DISTANCE TIME PORE VCLUME CONCENTRATION
(X} (7m) (vva) FIRST-TYPE BC THIRD-TYPE BC
0.0 5.0000 0.0 1.0000 0.7640
2.0000 5.0000 245000 0.9036 0.6376
4.0000 5.0000 1.250C 0.7731 0.5023
6.0000 5.0000 C.8333 0.6209 0.3712
8.0000 5.0000 0.£250 0.4648 0.2559
10.0000 5.0000 C.5000 0.3224 0.1638
12.0000 50000 0.41€7 0.2004 0.0970
14.0000 5.0000 0.3571 0.1215 0.0530
16.0000 5.0000 0.212¢ 0.0655 0.0266
18.0000 5.0000 C.27178 0.0324 0.0123
20.0000 5.0000 C.25C0 0.0146 0.0052
DISTANCE TIME PORE VCLUME CONCENTRATION
(x) (T) (vvag) FIRST-TYPE BC THIRD-TYPE BC
0.0 10.0000 0.0 1.0000 0.8845
2.0000 10.0000 5.000C 0.9626 0.8198
4.0000 1C.0000 2.5000 0.9086 0.7424
6.0000 10.0000 1l.66€1 0.8377 0.6548
8.0000 10.0000 1.2500 0.7517 0.5610
10.0000 10.0000 1.0000 0.6544 0.4657
12.0000 10.0000 C.8333 0.5512 0.3738
14.0000 10.0000 C.7143 O.4401 0.2895
16.0000 10,0000 0.€25C 0.3508 0.2161
18.0000 10.2000 C.555¢ 0.2¢41 0.1551
20.0000 10.0000 C.50GC 0.19C9 0.1070
DISTANCE TIME PORE VCLUME CONCENTRATICN
{(x) (7T) (vvC) FIRST-TYPE BC THIRD-TYPE BC
0.0 15.0000 C.0 1.0000 0.9365
2.0000 15.0000 1.50C0 0.9818 0.9003
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4.0000 15.0000 3.75CC 0.9549 0.8549

6.0000 15.0000 2.5000 0.9181 0.8004
8.0000 15.0600 1.875¢C 0.8707 0.7375
10.0000 15.0000 1.50G0 0.8129 0.6677
12.0000 15.0000 1.25CC 0.7456 0.5931
14.0000 15.0000 1.C714 0.6707 0.5161
16.0000 15.0C00 0.6315 0.5907 0.4394
18.0000 15.0000 C.8333 0.5087 0.3656
20.0000 15.0000 C.750C 0.42178 0.2969
DISTANCE TIME PORE VOLUME CONCENTRATIGN
(X) (T) (vvc) FIRST-TYPE BC THIRD-TYPE BC
0.0 20.0000 C.0 1.0000 0.9630
2.0000 20.0000 1C.0000 0.9902 0.9416
4.0000 20.0000 5.00C0 0.9756 0.9142
6.0000 20.0000 2.2333 0.9551 0.8801
8.0000 20.0000 2.5000 0.9278 0.8392
10.0000 2C.0000 2.00CC 0.8933 0.7916
12.0000 20.0000 1.66¢€7 0.8511 0.7379
14.0000 20.0000 1.4286 0.8014 0.6788
16.0000 20.0000 1.2500 0.7449 0.6157
18.0000 2C.0000 1.1111 0.6827 0.5501
20.0000 20.3000 1.0000 0.6162 0.4837
DISTANCE TIME PORE VCLUME CONCENTRATIGN
(X) (7) (vvQ) FIRST-TYPt BC THIRD-TYPE BC
0.0 25.0000 C.C 1.0000 0.9776
2.0000 25.0000 12.50C0 0.9944 0.9646
4.0000 25.0000 6.2500 0.9860 0.9476
6.0000 25.0000 4.1€£17 0.9740 0.9261
8.0000 25.0000 2.125¢C 0.9578 0.8995
10.0000 25.0000 2.50CC 0.9368 0.8677
12.0000 25.0000 Z.0833 0.9103 0.8304
14.0000 25.0000 1.7€517 0.8780 0.7879
16.0000 25.0000 1.5625 0.8399 0.7404
18.0000 25.0000 1.3889 0.7960 0.6886
20.0000 25.0000 1.2500 0.7467 0.6334
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e e o e o ok e e e ek ke ke oo e et s ok s st o ook ok e o e e ol ek et ok ek el s ek e e ok ok ok koK K ek o
ONE-DIMENSIONAL CONVECTIVE-CISPERSIVE EQUATION

*

*

*

* SEMI-INFINITE PROFILE

* NO PRODUCTION AND DECAY

* LINEAR ADSORPTION (R)

* CONSTANT INITIAL CONCENTRATION (CI)
* INPUT CONCENTRATION = CO (T.LE.TO)
* = 0 (T.GT.TO)
*
*
*
*

EXAMPLE Al-2

36 3 36 3t 4t 3t & ¢ 3t 3 # 3¢

e e 2 3 3 Je e 3k 3 3 A ek kA 3k 3k e de e e e sfe e e e e e e e e e e Ak 3k R 3 kR e ok Aok A X ok X i 3ok 3 3k 33k s sfe e o ofe ol e e ok a ek

INFUT PARAMETERS

vV = 25.0000 D= 37.5000

R = 3.0000 10 = 5.0000

CI = 0.0 Co = 1.0000

DISTANCE TIME PORE VCLUME CCONCENTRATION

(X) {(T) (vvo) FIRST-TYPE BC THIRD-TYPE BC

100.0000 1.0000 C.2500 0.0000 0.0000
100.0000 2.0000 c.5000 0.0000 0.0000
100.0000 2.0000 0.7500 0.0000 0.0000
100.0000 4.0000 1.C0CO 0.0000 0.0000
100.0000 5.0000 1.250¢C 0.0000 0.0000
100.0000 €.0000 1.5000 0.0000 0.0000
100.0000 7.0000 1.7500 0.0010 0.0008
100.0000 8.0000 <.0000 0.0113 0.0088
100.0000 9.0000 2.2500 0.0563 0.0465
100.0000 1C.0000 2.5000 0.1655 0.1439
100.0000 11.0000 2.1500 0.3378 0.3059
100.0000 12.0000 2.0000 0.5332 0.4987
100.0000 13.0000 2.2500 0.6975 0.6700
100.0000 14.0000 2.5GCC 0.7602 0.7084
100.0000 15.0000 3.750C 0.7509 0.7592
100.0000 16.0C00 4.0CCC 0.6228 0.0474
100.0000 17.0000 4.25C0 0.4485 0.4795
100.0000 18.0000 4.5000 0.2840 0.3124
100.0000 19.0000 4.7500 0.1607 0.1816
100.0000 2C.0000 5.00C0 0.0825 0.0956
100.0000 21.0000 £.25CC 0.0389 0.0462
170.0000 22.0000 5.50C0 0.0171 0.0208
100.0000 23.0000 5.1500 0.0071 0.0088
100.0000 24.0000 6.0000 0.0028 G.0035
100.0000 25.0000 6.250C 0.0010 0.0013
100.0000 26.0000 £€.5000 0.0004 0.0005
100.0000 27.0000 €.17500 0.0001 0.0002
100.0000 28.0000 7.0000 0.0000 0.0001
100.0000 29.0000 1.2500 0.0000 0.0000
100.0000 30.0000 1.5000 0.0000 0.0000
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Table 7.-—~Fortran listing of computer program A3.

table 4

OO OOOOOOOOOOO0O

MAIN

The function EXF is listed in

3 deade % 3 % e o o e o oe ok o e o o o o e ok e sk oo o o ok okl ok ok 3K oKk oK o ok 3 ok ook ok 3k Kok o ok

ONE-DIMENSICNAL CCNVECTIVE DISPERSIVE EQUATION

FIRST-TYPE BOUNDARY CONDITION
FINITE PROFILE

LINEAR ADSORPTICN (R)
CONSTANT INITIAL CCNCENTRATIUN (CI)

INPUT CONCENTRATIGON = CO (T.LE.TO)
= 0 (T«GTTO)

*
*

*

*

*

*

* NO PRODUCTICN CR [CECAY
*

*

*

*

*

*

A3 3 ¥ 3k Ak e B 3 e 3 3 3k Ak 3k e ok 3 B k3 3 Ak Bk 3k 3k 3k 3ok ok 3k ok 3 3Rk 3k Rk K 3k Xk 3 3k kK ok 3k 33K 3k Xk ik kK

IMPLICIT REAL*8 (A-H,C-2)
CCMMCN G(20)
DIMENSIGN TITLE(20)

——-— READ NUMBER OF CURVES TO BE GENERATED ———--

READ(5,1000) NC

DO 4 K=1,NC

READ(5,51001) TITLE

WRITE(6,1002) TITLE

————= READ AND WRITE INPUT PARAMETERS ———-
READ(5,1003) V,4D4R,T0,CI,C0,TOL
READ(551003) XIyDXyXMyXL3sTIoDT,TM
WRITE(6,41004) V,D,R,TC4CI,CO,XL,TOL

D=D/R

V=V/R

IF(DX<.EQeOe) DX=1.0
IF(DT.EQ.0.) DT=1.0
XM=DMIN1(XM,XL)

P=v*XL/D

IMAX=(XM+DX-XI)/DX
JMAX=(TM+DT-TI)/DT
IF(P.LE.100.) CALL EIGEN1(P)
DG 4 J=1sJMAX
TIME=TI+(J-1)=*DT
IF(IMAX.GE«J) WRITE(6,41005)
DO 4 I=1,IMAX

X=XI+(I-1)*DX

A

*x
*
x
*
%*
%
x
*
*
*
*
*
*

121



SPON

C

C
1000
1001
1002

MAIN

Vv0=0.0

IF(X.EQ.0.) GO TO 1

VVO= V*R*TIME/ X

DO 2 M=1,2

C=0.0

T=TIME+(1-M)*T0

IF(T.LE.C.) GO TO 2

CALL CCNS(CyV3yDyXs T9XL,TOL,4N)
IF(M.EQ.2) GO TO 3
CCNC=CI+(CO-CI)*C

CONT INUE

CCNC=CCNC-CO*C

WRITE(6,1006) XsTIME,VVC,CCNC,N

FORMAT (I5)

FORMAT (20A4)

FORMAT (1H1,10X,82(1H*)/11Xy1H*,80X,1H*/11X,1H*,9X, "ONE-DIMENSIONAL
1 CONVECTIVE-DISPERSIVE EQUATIUN' j25X,1H*/11Xy1H%* 480X,y 1H*/11X31H%*,9
2X9'FIRST-TYPE BOUNDARY CCNDITION®,42X,1H*/11X,1H*,9X, "FINITE PROFI
BLE'" 957 X91H*/11X9y1H*,8CXy1H*/11Xy 1H*59X, *NUG PRGDUCTION GR DECAY',49
4X91H*/11Xy1H*,9X, *LINEAR ACSORPTION (R)' 50X, 1H%*/11Xy1H%y9Xs*CONST
5ANT INITIAL CONCENTRATICN (CI)*,36X,1H*/11X,1H*,9X, 'INPUT CCNCENTR
6ATION = CO (ToLE.TO)'y37Xs1H*/11Xs1H%*329X,'= 0 (T.GT.TO)'437X,1Hx*
T/11X91H*9 80Xy 1H* /11Xy 1H*920A41H*/11X1H%*,80Xy LlH¥/11Xy082(1H%*))

1003 FORMAT(8F10.0)
1004 FORMAT(//11X4s*INPUT PAKAMETERS'/11Xy16(1H=)//11Xs'V =1 4F12.4,15Xs"

1D ='7F12.4/11X1'R =',F12-4115X1'TO ='1Fllc4/11X9'CI ='1Fllo4715Xy'
2C0 ="3F11e4/11Xy" XL =%43F11.4515X,'TOL ='4,F10.6)

1005 FORMAT(///11X s*DISTANCE'»11X, *TIME"',7X,*PCKE VOLUME',6X,'CUNCENTRA

ITION® 33Xy "NUMBER' /14X (X) " 913Xy *(T)*'y11X,"(VVO)*314Xy*(C)*y7X,'GF
2 TERMS!)

1006 FORMAT(4X33(5XyF10e4) 98X3F10e4,7X,14)
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(aEale]

1000

EIGEN1
SUBROUTINE EIGENL1(P)

PURPOSE: TO CALCULATE THE EIGENVALUES

IMPLICIT REAL*8 (A-H,0-2)

COMMON G(20)

BETA=0.1

DC 4 1=1,20

J=0

J=J+1

IF(J.GT.15) GO TO 3
DELTA=-0.2%(-0.5) %%

BET2=BETA

BETA=BETA+DELTA
A=BET2*DCOS(BET2)+0.5%¥P*DSIN(BETZ2)
B=BETA*DCOS(BETA)+0.5%P%*DSIN(BETA)
IF(A*B) 1,3,2
G(I)=(BET2*B-BETA*A)/(EB-A)
BETA=BETA+0.2

WRITE(641000) (G(I)sI=1,20)

FORMAT (/711X *CALCULATED EIGENVALUES'/11X422(1H=)/(8X,5F12.6/))

RETURN
END
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aNalg]
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CCNS
SUBROUTINE CONS(CyVyDeXsToXL,TOL,1I)
PURPOSE: TO CALCULATE CONCENTRATION C

IMPLICIT REAL*8 (A-H,(-1)

CCMMCN G(20)

1=0

P=V*XL/D

Q=V*X/D

APRX=X/XL-0.9+8./P

IF(APRX«LT.0.) GO TO 4
IF((PeGTe100e)eORe((P=-40.*%V*T/XL)GTo5.)) GO TO 4
EX=0.5%Q-0425%V*VX*T/D

----- SERIES SOLUTICN==—==--

SUM=0.0

IF(XeEdeO.) GO TO 3

DO 2 J=1,10

DSUM=0.0

DC 1 K=1,2

[=2%J+K=2

A=G({I)*DSIN(G(I)*X/XL)
EXP=EX=(G(I)/XL)**2%D*T
IF(DABS(EXP) .GT.160.) EXP=-160.
DSUM=DSUM+DEXP(EXP ) *A/(G(I)*%2+0.25%P*P+04.5%P)
SUM=SUM+DSUM
IF(DABS(DSUM/SUM).LT.TCL) GO TO 3
CONTINUE

GO TO 4

C=1le-2.%SUM

RETURN

—-——=-= APPROXIMATE SCLLTICN —=--
S=DSQRT(4.*D*T)
E=0.0
C=0.5% (EXF(Ey (X=VXT)/S)+EXF(Q,y (X+V%XT)/S))
IF(APRXeLT.0.) RETURN
A=2%D%T/ (2 ¥XL=X+V*T ) %%*2
B=2+%V*T/(2.%XL-X)
C=C+(2.%XL=X)*AXEXF(P=0e5/AE)*(le=A¥((le—E)=2e%A¥((le—2c*B)=5e*A%
1((le=3e*%B)=Te*A¥(1e=4.%¥B)))))/DSQRT(3.141593%D*T)
RETURN

END



Table 8.--Sample output from computer program A3

2 3 e 2 e e 3 A2 ok ek 3 3k ke 3k ke ok ok ook 3 e e e 3k e 3 3k 3 e ok e e ek ek ok ok e e ek ok ek el ok ek ok K kolak ok ok kK kR kR R kKR KR K

ONE-DIMENSIONAL CONVECTIVE-CISPERSIVE EQUATION

FIRST-TYPE BOUNCARY CCNCITICN

FINITE PROFILE

NGO PRCDUCTION

OR DECAY

CONSTANT INITIAL CONCENTRATION (CI)
INPUT CONCENTRATION = CO (TeLE.TO)

EXAMPLE A3-1

3 3 3 3 3¢ de e e e % el e %3 koo e e e o oo e ke e e e e e 3k e o 3k s e ok ok 3k ek e 3k ek k3K e kK ok e 3k ok 3k 3k ok 3 e ke 3k e kK o ok %ok ok

INPUT PARAMETERS

™ v
[/ ]
N
o
)
o
o
o
o

2.380644 5.1€£3306
17.421289 20.541462
33.062194 36.157272
48.745928 51.884426
DISTANCE TIME

(x) (1)
0.0 5.0000
2.0000 5.0000
4.0000 5.0000
6.0000 5.0000
8.0000 5.0000

10.0000 5.0000

12.0000 5.0000

14.0000 5.0000

16.0000 5.0000

18.0000 5.0000

20.0000 5.3000
DISTANCE TIME

(X) (T)
0.0 10.0000
2.0000 10.0000
4.0000 10.0000

*
*
*
*
*
*
*
* LINEAR ADSORPTICN (R)
*
3
*
*
*
*
*

(P=5)

- O —~0
0Ooo
[/}

8.151564
23.66718¢
39.333382

55.02327¢€

= 0 (T.GT.TO)

4.0000
1000.0000
1.0000
0.000100

11.21490¢
2€.796564
42.470298

£8.162421

PORE VCLUME
(vvo)

C.0

2+500C
1.2500
C.8333
C.€25¢C
€.5000
0.4167
C.3571
C.3125
C.2778
C.2500

PCRE VCLUME
(vvo)

C.0

5.00C0
2.50C0

14.310123
29.928469
45.607854

€1.301816

CONCENTRATION

(C)
1.0000
0.9036
0.7731
0.6209
0.4648
0.3225
0.2064
0.1216
0.0661
0.0348
0.0240

CONCENTRATION

(c)
1.0000
0.9626
0.9086

NUMBER
OF TERMS

cocooc0r0O0O0COCO0OO

NUMBER
OF TERMS
0
6
6

*
*x
x
*
*
*x
*
*
*
*
*
*
*
*
*x
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6.0000
8.0000

10.0000
12.0000
14.0000

16.0000
18.0000

20.0000

DISTANCE
(x)
0.0
2.0000
4.0000
6.0000
8.0000
10.0000
12.0000
14.0000
16.0000
18.0000
20.0000

DISTANCE
(X)
0.0
2.0000
4.0000
6.0000
8.0000
10.0000
12.0000
14.0000
16.0000
18.0000
20.0000

DISTANCE
(X)
0.0
2.0000
4.0000
6.0000
8.0000
10.0000
12.0000
14.0000
16.0000
18.0000
20.0000

126

10.0000
10.0000

10.0000
1C.0000
10.0000

10.0000
10.0000

10.0000

TIME

(1)
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000

TIME

(T)
20.0000
20.0000
20.0000
2C.0000
20.0000
2C.0000
20.0000
20.0000
20.0000
20.0000
20.0000

TIME

(1)
25.0000
25.0000
25.0000
25.0000
25.0000
25.0000
25.0000
25.0000
25.0000
25.0000
25.0000

(8,70 3

l.6€€7
1.250C
l.00cCC
C.8322
C.7143
C.€2E50
0.55¢E¢
C.50C0

PORE VCLUME

(vva)
C.0
1.500C
2.7500
2.50C0
1.875C
1.5000
1.2500
1.0714
C.5315
C.8333
C.i5C0

PORE VOLUME

(vvC)
C.0
1C.cco0
£.00CO
3.3333
<«5000
2.0000
1.66¢€1
le.428¢
1.25CC
1.1111
1.0000

PORE VCLUME

(vvi)
C.C
12.500C
€.2500
4.16¢€1
2.1250
2.50CC
<.0823
1.7857
1.5€25
1.3886
1.25C0

0.8378
0.7520

0.6553
0.5530
0.4544
03666
0.3013
0.2747

CONCENTKATIOGN
(C)
1.0000
0.9816
0.9553
0.9189
0.b726
0.8170
0.7544
0.6889
0.6271
0.5788
0.5586

CONCENTRATION
(C)
1.0000
0.9905
0.9764
0.9569
0.9316
0.9005
0.8648
0.8266
0.7899
0.7608
0.7485

CONCENTRATION
(C)
1.0000
0.9949
0.9872
0.9766
0.9626
0.9455
0.9255
0.9041
0.8833
0.8668
0.8598

(o 20 e 3« W o 0 « N« i 0 ¥ 0

NUMBER
OF TERMS

(ol S S N IR I Ol @)

NUMBER
OF TERMS
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NUMBER
OF TERMS
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INPUT PAR

= 2

10

CALCULATE

3.050337
18.34€412
33.765¢€78

49.289314

DISTANCE
(X)
100.0G00
100.0000
100.0000
100.0000
100.0000
100.0000
100.0000
100.0000
100.0000
100.0000
100.0000
100.0000
100.0000
100.0000
100.0000
100.0000
100.0000
100.0000
100.0000

ONE-DIMENSIONAL CONVECTIVE-CISPERSIVE EWQUATICN

FIRST-TYPE BOUNLARY CCNDITICN

FINITE PROFILE

NO PRODUCTION OR DECAY
LINEAR ADSORPTICN (R)
CONSTANT INITIAL CONCENTRATION (CI)

INPUT CONCENTRATION

EXAMPLE A3-2

AMETERS

5.2C00
3.0000
000

0.0000

D EIGENVALUES

6.102126
21.419693
36.863467

52.402819

TIME
(1)

1.0000
2.0000
3.0000
4.0000
5.0C00
€6€.0000
7.0000
8.0000
S.0000
1€.0000
11.0000
12.0000
13.0000
14.0000
15.0000
1€¢.0000
17.0000
18.0000
15.0000

CO (T<LE.TO)
0 (1.GT.TO)

D = 37.5000
T0 = 5.0000
Co = 1.0000
TOL = €.000100
9.15669C 12.215114
24.49893C 27.583053
39.9€5017¢ 42.070143
55.518585 5€.636381

PORE VGLUME

(VvG)
€.2500
€.5000
€.750C
1.00C0
1.2500
1.500C
1.7500
2.0000
2.25CC
2.5000
2.7506
3.0000
2.2500
3.5000
2.7500
4.00C0
442500
4.5000
4.1500

15.27819i

30.67c083

46.178327

61.750003

CONCENTRATICN

(c)
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
U.0013
0.0138
0.0660
0.1872
03697
0.5677
Ge7250
0.7920
C.7427
0.5983
0.4174
0.2557
U.1399

NUMBER
OF TERMS

[eNoNoNoNoNoNoNoNoNoNoNeNoNoNeoNoNo Yol

X
*
*
*
*
*
*
*
x®
*
*
*
*
*
*
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100.C000
100.0000
100.0000
100.00CO0
100.C000
10C.0C00
100.0009
100.0000
100.0000
100.€000
100.0000

128

20.0000
21.0000
22.0000
23.0000
24.0000
25.0000
26.0000
27.0000
28.0C00
29.0000
30.0000

£.00CC
5.25C0
5.5CCC
£.75CC
€.CCCC
€.250C
€.50CC
€.15C0
7.C0CC
1.2500
7.5CC0

0.0694
0.0317
0.0135
0.0054
0.0020
0.0007
0.0003
0.0001
0.0000
0.0000
0.0000



Table 9.--Fortran listing of computer program Bl4, The function EXF is listed in

table &4
MAIN

Fede e 3k % ok el %k k3 ok e kok oo 3k o ok o sk e ek g ek e e A3k sk e o ok ok 3k ke 3k 3k s 33k ¥ e 3 e e 3k s e ok ke Bk 3

ONE-DIMENSIONAL CCNVECTIVE-DISPERSIVE EQUATION Bl4

THIRD-TYPE BCOUNCARY CONDITION
SEMI-INFINITE PRCFILE

LERO-CRDER PKCDLCTIUN (DZERO)
LINEAR ADSGRPTICN (R)
CONSTANT INITIAL CCNCENTRATION (CI)

*
*
*
%
*
*
*
*
*
* INPUT CONCENTRATICN = CA+CB*EXP(-DBND*T)
*

*

*
*
*
*
*
*
*
%*
*
*
*x
*

353 oK 3 3 ok e 3k e 3 o s ok o o o o ook ok o oo ool b ok e kool o ook ol ool i e o ok o ok skl ok ok ko

aXaNelaiaNalalaoNeoNaNelaNaNaNa e

IMPLICIT REAL#*8 (A-H,C-21)
DIMENSICN TITLE(20)

c  =-=——- KEAD NUMBER OF CURVES TO BE CALCULATED -==——
FEAD(5,1300) NC
D3 4 K=1,NC
READ(5,1001) TITLE
WRITE(6,100c2) TITLE

o0

———-- KEAD AND WKITE INPUT PARAMETERS —=——--
READ(5,1003) V,0+R+DZERC+CEND,CI,CA,CB
READ(5,1003) XIsDX,XM,T1I,CT,TM
WRITE(6,1004) VsDsR4CZEKOSCBND,CIoCA,CB

[aNe]

D=D/R

V=V/R

DZERQO=CZERG/R
S=V%%2-4,%DBND*D
IF(S.LE.O.) GO TO 5
Y=DSQRT(S)
IF(DXeEQJ.00) DX=1.0
IF(DT.EQ.0.) DT=1.0
IMAX=(XM+DX-XI)/DX
JMAX=(TM+DT-TI)/DT
DG 4 J=1,JMAX
T=TI+4(J-1)%DT
IF{IMAXeGE«J) WRITE(6,100%Z)
DO 4 I=1,IMAX
X=XI+{1I-1)*DX
VV0=0.0

IF(X.EQ.0.) GO TO 1
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MAIN

VVO=V#*R*T/X
1 P=VX*X/D
S=DSQRT(4.*D*T)
Al=X-V*T
A2=X+V*T
AM=0.5%EXF(0.D0yA1/S)
AP=0.5%EXF(P,A2/S)
AZ=DSQRT(.3183099*T/D)*EXF(—-(A1/S)*%*2,0.D0)
BM=(X-Y%*T)}/S
BP=(X+Y*T)/S
CM=0.5%(V=-Y)*X/D
CP=0.5%(V+Y)*X/D
A=AM+V*AZ—-(1.+P+VXV*T/D)*AP
B=DEXP (—DBND*T)*(V/(V+Y)*EXF(CM,BM)+V/(V-Y)*EXF(CP,BP))-V¥V*AP/(DB
IND*D)
CONC=CI+(CA-CI)*A+(B*B+CZERO*(T+(AL+D/V)*AM/V-5%(A2+42.*%D/V)*AZ+(T
1-D/V*%2+,5%A2%%2 /D )*AP)
4 WRITE(6,1006) Xy3T,VVG,CCNC

GO T0 6
5 WRITE(6,1007)
6 CONTINUE
C
C e o s e e e e o

1000 FORMATI(I5)

1001 FCRMAT(20A4)

1002 FCRMAT(1H1+10Xs82(1H%*)/11X91lH*y80Xs1H*/11Xs1H%*,9Xs 'ONE-DIMENSIONAL
1 CONVECTIVE-DISPERSIVE EQUATION' 925X, 1H*/11X,1H* 480X 91H*,/11Xs1H%*,
26Xy *THIRD-TYPE BOUNDARY CCNDITION' 42Xy 1H*/11Xs1H*39X,y *SEMI-INFINI
3TE PROFILE' 50Xy 1H*/11X91H*4380Xy1H*/11X91H*99Xs *LINEAR ADSORPTION
4(R)" 450Xy 1H*/ 11X 1H*4SX,*ZERO-ORDER PRODUCTION (DZEKO)',42X,1H*/11
SX9lH¥*,9X, 'CONSTANT INITIAL CONCENTKATION (CI)',36X31H*/11Xs1H*,9X,
6'INPUT CONCENTRATION = CA+CB*EXP(—-DBND*T)"'y31Xs1H*/11Xs1H%*,80Xs1H*
7/11X31H%*,20A4 3 1H*/11Xs1H*,60X,1H*/11X,82(1H*))

1003 FORMAT(8F10.0)

1004 FORMAT(//11X, "INPUT PARAMETERS'/11Xs16(1H=)//11Xs'V ='9F12.4+15X,"
1D ='4F1l2.4/11X9"R ='3F1l2.4415X9*'DZERO ="' yF8.4/11X,'DBND ="' ,F9.4,15
2X3'CIl =',F11e4/11X,"CA ="3,F11.4515X9'CB ='4Fil.4)

1005 FORMAT(////11X,"'DISTANCE" 11X, 'TIME',7Xs"PCRE VOLUME"' 16X, "CONCENTR
IATION'/14Xs " (X)* 313Xy "(T)*4311X,"(VVO)'414Xs'(C)"*/)

1006 FOGRMAT (4X93(5X¢Fl0e4) 48X,F10.4)

1007 FORMAT(///5X/6(1H*)," LBND IS TOO LARGEs THiS CASE NOT EXECJTED ',
16 (1H*))

sTee
END
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Table 10.--Sample output from computer program Blé4

e 3 3 e 3 o 3 e e e e e e e e 3 e e e e e sie i i 3 s s ek o e ok e e ol o o o e o 3 ok e e e e 3k ek 3 e 3k e kool ok ook i ook kK ok 3 ok Kk K koK ok K

# 3t 3 3 3t 3 3 3 3 3t It ¢ 3¢
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INPUT PAKAMETERS

OISTANCE
(X)

0.0

5.0000
10.0000
15.0000
20.0000
25.0000
30.0000
35.0000
40.0000
45.0000
50.0000
55.0000
6u.0000
€5.0000
70.0000
75.0000
80.0000
85.0000
90.0000
95.0000
100.0000

DISTANCE
(X)

0.0
5.0000

ONE-DIMENSIONAL CONVECTIVE-CISPERSIVE EQUATION

THIRD-TYPE BOUNDARY CCNODITICN
SEMI-INFINITE PROFILE

LINEAR ADSCRPTICN (R)

ZERD-ORDER PRODUCTION (DZERC)
CGNSTANT INITIAL CONCENTRATIGN (CI)
= CA+CB*EXP(-DBND*T)

INPUT CCNCENTRATION

EXAMPLE Bl4-1

25.C000
3.0000
0.2500
0.0

TIME
(1)

2.5000
2.5000
2.5000
2.5000
2.5000
2.5000
2.5000
2.5000
2.5000
2.5000
25000
2.5000
2.5000
2.5000
2.5000
2.5000
2.5000
25000
2.5000
2.5000
2.5000

TIME
(1)

5.0000
5.0000

D = 37.5000
CZERC = (0.5000
Cl = 0.0

B = 10.0000

PORE VOLUME
(vvag)

C.0
12.500C
€.2500
4.1667
2.125¢0
2.500C
2.08323
1.7€57
1.562¢
1.3886
1.250C
le13€4
1.0417
C.S€15
C.8929
C.8333
C.7812
0.7353
C.6944
0.€51S
C.£250

PORE VOLUME
(vva)

0.0
25.00C0

CONCENTRATION
(C)

5.6301
6.5099
6.9976
6.5451
4.9945
3.0083
1.4860
0.7302
0.4809
0.4258
0.4176
0.4167
0.4167
0.4167
0.4167
0.4167
0.4167
0.4167
0.4167
0.4167
0.4167

CONCENTRATIUN
(C)

3.0368
3464067

*
*
*
*
*
*
*
*
*
*
*
*
*
*
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10.0000 5.0000 12.5000 443309

15.0000 5.0000 €.3323 5.06806
20.0000 5.0000 €.2500 5.7862
25.0000 5.0000 £.000C 6.3312
30.C000 5.0000 4.16¢€7 64937
35.0000 5.0000 2.5714 6.1066
40.0000 5.0000 3.125C 51799
45.0000 5.0000 c.1118 3.9454
50.0000 5.0000 2.50CC ZeT417
55.0000 5.0000 ¢.2727 l.8251
60.0000 5.0000 2.0832 l.20¢€8
€5.0000 5.0000 1.9221 0.9917
70.0000 5.0000 1.7857 0.8815
75.0000 5.0000 1.€6¢€17 0.8455
80.0000 5.0000 1.5€25 Oe03bS
25.0000 5.0000 1.47C¢ Ce8530
90.0000 5.0000 1.3868S 0.8334
95.C000 5.0000 1.215¢€ Oec333
100.0000 5.0000 1.25CC UeB>33
DISTANCE TIME PCRE VCLUMC CuNCenTRATLICN
(X) (1) (vvC) ()
C.0 75000 C.0 l.w3sce
5.0000 7.5000 37.50CC 2.U140
10,0000 7.5000 1€.75C0 Le4348
15.0000 7.5000 12.50CC 249091
20.0000 7.5000 S.375C Se44lD
25.0000 1.5000 1.50CC 4.0349
30.0000 7.5000 6.25CC 4.0721
35.0000 7.5000 £.35171 Y3136
40.0000 7.5000 4.6€15 5.8b518
45.0000 7.5000 4.1€¢€1 €.2657
50.0000 7.5000 2.750C Cel404
55.0000 7.5000 2.4C651 ©eUbC5
60.0000 7.5000 3.125¢C S5eaC1l
65.0000 7.5000 Z.884¢€ 4.5184
70.0000 7.5000 Ze€ETEE 3e5€85
75.0000 7.5000 2.5000 ZeT251
80.0000 7.5000 ce3432E 240879
85.0000 7.5000 2+2056 1.6733
90.0000 7.5000 2.0822 1.4397
95.0000 7.5000 1.5721 13253
100.0000 1.5600 1.875C l.27¢€4
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Table ll.——Fortran listing of computer program C8. The function EXF is listed in

table 4

OO0 OO O0Oo

(e X al

MAIN

3 e 3 e e e ek ol e e Fe e e e e ofe ok o e o e ok o o ok ok Aok 3k 3l e ke e ke 3k 3k e 3 e e Ak ok e ok ok ek ok e ek e e A ok ek Ak X

ONE-DIMENSICNAL CCNVECTIVE DISPERSIVE EQUATION (o}

FIRST-TYPE BGUNCARY CONDITICN

FINITE PROFILE

LINEAR ADSORPTICN (R)

(DZERO)

CONSTANT INITIAL CONCENTRATION (CI)

INPUT CONCENTRATICN

* *
* *
* *
* *
* *
* *
* ZERO-ORDER PRCDUCTION *
* FIRST-ORDER DECAY (DONE) *
* *
* *
* *
* *
* *
* *

CO (T.LE.TO)
0 (T«GT.TO)

e a4k g 3k ek s s sk 3k o ek k3 e ok 3k o 3 e ok vk e e ke ok e o e o ok koA ek e e ok ak ok 3k ok 3 ok ek 3k g Bk Kk ok Xk

IMPLICIT REAL*8 (A-H,C-1)
COMMON G(20)
DIMENSION TITLE(20)

———--— READ NUMBER OF CURVES TO BE GENERATED ——=--

READ(5,1000) NC

DO 4 K=1,NC
READ(5,1001) TITLE
WRITE(6,1002) TITLE

———=—= READ AND WRITE INPUT PARAMETERS ————-
REAC(5,1003) V,DyR,TO,CZERO,DONE+CI,CO
READ(541003) XIsDXyXMyXL,TI,DT,TM,TOL
WRITE(6,1004) V4DyR,TC4DZERGO,CI+DONE+CO,TUL

D=D/R

V=V/R

DZERO=CZERO/R
DONE=DCNE/R
DZD=DZERO/DONE
IF(DX.EQ.0.) DX=1.0
IF(DT.EQ.0.) DT=1.0
XM=DMINL (XM, XL)
P=VxXL/D
IMAX=(XM+DX-XI)/DX
JMAX=(TM+DT-T1)/DT
IF(P.LE.100.) CALL EICEN3(P)
DO 4 J=1,JMAX
TIME=TI+(J-1)*DT
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c

c
1000
1001
1002

1003
1004

1005

1006

134

MAIN

IF(IMAX.GE.J) WKITE(6,100%)

DC 4 I=1,IMAX

X=X1+(I-1)*DX

Vv0=0.0

IF(X.EQ.0.) GO TO 1

VVI=VXR*T IME/ X

CALL CCNS(AyV4DsDONEsy Xy TIME,XLsTGLyN,O)
CALL CCNS{34VsDyDONEs Xy TIME, XL, TOLyN, 1}
CCNC=DZD+(CI-DZD)*A+(CO-CZC)*B
T=TIME-TO

IF(T.LE.O.) GO TO 2

CALc CCNS(3yVyDsDONEsXsTeXLsTOLyN,1)
CONC=CCNC-CO0*B

CONT INUE

WRITE(641006) X, TIME,VVC,CONC,N

——— —— — ——— — e ——— o ———

FORMAT (I5)

FORMAT (20A4)

FORMAT (1H1,10X,82( 1H*) /11X y1H% 480X 1H*/11Xs 1H%*99Xs *ONE-DIMENSIUNAL
1 CONVECTIVE-DISPEKSIVE EQUATION' 325X, 1H*/11Xy1H% 300X s lH¥*/11Xy1H%,6S
2X 3 *THIRD-TYPE BOUNDAKY CCNDITION®,42Xs1H*/11Xs1H%*,39X, *FINITE PROFI
BLEY y57Xg1H*/ 11X, 1H*, E0Xy 1H* /11Xy 1H%*,9X, ' ZERO-URDER PRCDUCTION (VZiE
4RC) "' 442Xy 1H®*/ 11X 41 H*,SX, 'FIRST-ORDER DECAY (DGNE)'347Xy1lH*/11Xs1H%
599Xy "LINEAR ADSORPTICN (R)*y50Xy 1H*/11X41H*,9X, *CONSTANT INITIAL C
6CNCENTRATION (CI)*436Xy1H*/11Xs1H%,9Xy *INPUT CONCENTRATION = CO (T
TeLETO) " y3TXy IHX/1L Xy 1H*326Xs'= 0 (TeGToTO)"337XslH*/11Xe1lH%,80A,
BLH*/11Xs1H*,20A4 s LH*/ 11Xy 1H%*, 80X, 1H*/ 11X, (1H%))

FORMAT(8F10.0)

FORMAT(//11X, *INPUT PARAMETERS'/11X916(LH=)//11Xs'V =" 3F12.4915X,"
1D ="3F12.4/11Xy'R =9, F12e4415X,'TO =1',F11e4/11X,y "ULEKG ="' yFBue4,s15X
29'CI ="4F11.4/11Xy"DONE ='3F9.4315X,9C0O0 ='3F11.5/11Xs'"TCL =',F10.5
3)

FORMAT(///11X+*'DISTANCE® 411Xy 'TIME®' ,7X,"PORE VOLUME",6Xs 'CONCENTKA
ITION' y3Xy *NUMBER" /14Xy ' (X) 913Xy " (T)* 311X, * (VVO) "914Xs"(C)" 47X,y 0F
2 TERMS?')

FORMAT (4X33(5X4F10.4) 9EX9F10e49TXy14,F10.4)

STOP

END



o000

1000

EICEN3

SUBROUTINE EIGEN3(P)

PURPOSE: TO CALCULATE THE EIGENVALUES

IMPLICIT REAL*8 (A-H,C-1)
COMMON G(20)

BETA=0.1

DC 4 I=1,20

J=0

J=J+1

IF(J.GT.15) GO TO 3
DELTA==0.2%(=0e5) %%y
BET2=BETA

BETA=BETA+DELTA

A=BET2*DCOS(BET2)+(0.25%P-BET2%%2/P)*DSIN(BET2)
B=BETA*DCOS(BETA)+(0.25%P-BETA**2/P)*DSIN(BETA)

IF(A%B)1,43,2
G(I)=(BET2*%B-BETA*A)/(E-A)
BETA=BETA+0.2

WRITE(641000) (G(I)sI=1,20)
FORMAT (//11Xs"CALCULATED EIGENVALUES'/11X,22(1H=)/(8X45F12.6/))

RETURN
END
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CCNS

SUBROUTINE CONS(C9VysDsDCNE s Xy TeXLsTOLI M)

c
C PURPOSE: TO CALCULATE CCNCENTRATION C
C
IMPLICIT REAL#*8 (A-H,C-2)
COMMON G(20)
I=0
E=0.0
U=V*DSQRT (1 . +4<*DONE*C/V*%2)
P=V*XL/D
Q=V*X/D
PU=U*XL/D
QU=U*X/0
uv=(U=-Vvi)/(Uu+v)
APRX=X/XL-0.9+8./P
IF(APRXeLT.0.) GO TO 4
EX=0e5%Q-0.25%VvkV*T/D-CCNE*T
C
C —=—===SERIES SOLUTICN————
C=0.0
DO 2 J=1,10
[C=0.0
DC 1 K=1,2
I1=2%J+K=-2
BETA=G(1)*X/XL
A=2.%P*G(I)*(G(I)*DCOS(BETA)+0.5*P*DSIN(BETA))
IF(DABS(A).LT.1.D-10)A=0.0
EXP=EX-(G(I)/XL)**x2%D*T
IF(DABS(EXP)«GT«160.0) EXP=-160.
CG=G(I)**x2.,40425%pP*P
IF(M.EQ.0) TERM=A*DEXFP(EXP)/(GG*(GG+P))
IF(M.EQ.1) TERM=AXDEXP(EXP)/((GG+P)*(GG+DONE*XL*%*2/D))
1 DC=DC+TERM
C=C+DC
IF(DABS(DC/C).LT.TOL) GC TC 3
2 CONTINUE
3 IF{M.EQ.0) RETURN
C=2%VX(EXF(5%(Q-QU) yE)+LVXEXF (5% (Q+QUI=PUJE) )/ ((U+V)*(1la—UVk%2%
1EXF(=PU,yE)))-C
RETURN
C
c  -—-—-- APPROXIMATE SOLLUTICN —-———-

4 S=DSJKT(4.%D*T)
UX=2 o ®xL=X
AM=(¥-V%*T)/S
AP={X+VXT)/S
BM=(UX=-V%T)/S
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CCNS

EM=UX+ VT
BP=EM/S
CM=(UX=-U%*T)/S
CP=(UX+U*T)/S
DM=0.5%(Q-QU)
DP=0.5*%(Q+QU)
FM=(X-U%*T)/S
FP=(X+U%*T)/S
A=0.5/BP*%2
IF(M.EQ.0) GO TO 5
C=V/ (N+U) *EXF (DM, FMI+V/(V=L)*EXF(DP ,FP)+0.5%V**2/(DONE*D) *EXF (Q-DO
INE*T,AP)
IF(APRX.LT.0.) RETURN
B==A¥(le=3 %A% (1l e—=5.%¥A%(1le-T.*¥A%(1le-9.%A))))
C=(C+.5641896%V*V/DCNE*DSCRT(T/D)*EXF(P-DONE*T-BP**2,E)*(V*8/D+(3.
1+V%V/(DONE*D) )*( 1l.+B) /EM) +V*UV/(U+V)*EXF (DP-PU,CM) —V/ (UV*(U=-V) ) *EX
2F (DM+PUCP) )/ (1oa=UVH*X2¥EXF(-PUsE))
RETURN
5 C=0e5%EXF(E,sAM)+V*DSQRT(<2183099%T/D)*EXF(—AM*AMJE)-05%( Ll +Q+VEVE
1T/D)*EXF(QyAP)
IF(APRXeLT.0.) GO TC €
B=v*T/UX
C=C+.7578846*%VHxUX/D*A%*] s S¥EXF(P=0e5/A9E)*¥(1le—3 %A% ((1la=Bi-5.%A*({
11 .—ZO*B)--’.*A*(‘ 1.‘3.*8”9.*A*‘ 10‘40*8))1))
6 C=(1.—C)*DEXP(-DONE=*T])
RETURN
END
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Table 12.--Sample output from computer C8

S ek e e o e ok skl e o o sk e e e abe oo e e e ok o ok o ok s e ok s e ok kel e e ke kol e o skl ke ok o o el K e o oo 3 o sl ko 33 okl K Rk
ONE-DIMENSIONAL CONVECTIVE-CISPERSIVE EQUATIGN

THIRD-TYPE BOUNDARY CONDITICN
FINITE PROFILE

* *
* *
* %*
* *
* *
* *
* ZEROC-CROER PRODUCTION (CZERO) *
* FIKST-ORDER DECAY (DGNE) *
% LINEAR ADSCRPTICN (R) *
* CONSTANT INITIAL CONCENTRATION (CI) *
* CO (T.LE.TO) *
* 0 (T.GT.TO) *
* *
* *
* *
* %*

INPUT CCNCENTRATION

EXAMPLE C8-1 (P=5)

ek e e ok ook e s ook sk 3 e o s de o o e e ki e e ok e o ek oo e o ook ko ok ke ok ok o o ik o ok o o bk o ok X o 3 ok

INPUT PARAMETERS

vV = 1.0000 D= 4.0000
L = 1.0000 T0 = 1600.0000
DZERC = 0.5C00 Cl = 0.0
DCONE = 0.2500 Co = 1.00000
TOoL = 0.00010

CALCULATED EIGENVALUES

l.6861513 4.212751 6.971795 $.918596 12.947841
16.017621 19.109725 22.21527¢ 254329502 284449633
31.573955 34.,701357 37.83108¢ 4C.962616 44.095566

47.229657 50.364677 53.500464 5€.636892 59.773860

DISTANCE TIME PORE VGLUME CONCENTRATION NUMBEK
(X) (T) (vvg) (Ci OF TERMS
0.0 5.0000 C.0 1.2715 6
2.0000 5.0000 Z2.5000 1.357¢€0 6
4.0000 5.0000 1.25CC 1.4310 6
6.0000 5.0000 C.8333 1.4534 6
8.0000 5.0000 C.€25C 1.4570 ]
10.0000 5.0000 €.5000 le.4518 8
12.0000 5.0000 C.41€1 l.444] 6
14.0000 5.0000 0.3571 l.4374 8
16.0000 5.0000 «212°% 1.4327 &
18.0000 5.0000 C.27178 1.4299 8
20.0000 5.0000 C.2500 1.4250 b
DISTANCE TIME PORE VCLUME CONCENTRATION NUMBER
(x) (M) (vvQ) (C) OF TERMS
0.0 10.0000 C.0 1.3661 6
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2.0000
4.0000

6.0000

8.0000
10.0000
12.0000
14.0000
16.0000
18.0000
20.0000

DISTANCE
(x)
0.0
2.0000
4.0000
6.0000
8.0000
10.0000
12.0000
14.C000
16.0000
18.0000
20.0000

DISTANCE
(Xx)
0.0
2.0000
4.0000
6.0000
8.0000
10.0000
12.0000
14.0000
16.0000
18.0000
20.0000

DISTANCE
(x)
0.0
2.0000
4.0000
6.0000
8.0000
10.0000
12.0000
14.0000
16.0000
18.0000
20.0000

10.0000
10.0000

10.0000

10.0000

10.0000
10.0000
10.0000
10.0000
10.0000
10.0000

TIME
(1)
1£.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
£.0000
15.0000
15.0000

TIME

(T)
2C.0000
20.0000
20.0000
20.0000
20.0000
20.0000
20.0000
20.0000
20.0000
20.0000
20.0000

TIME
(T)
25.0000
25.2000
25.0000
25.0000
25.0000
25.0000
25.0000
25.000Q0
25.0000
25.0000
25.0000

£.00CC
2.50CC

l.66¢€7
1.2500
1.C000
C.8333
C.7143
C.€250
C.555¢
€C.5000

PCRE VCLUME

(vvag)
C.0
1.50CC
3.7500
<.500C
1.8750
1.500C
1.250¢C
1.C0714
C.S315
C.8333
C.75C0

PORE VGLUME

(vvc)
C.0
1C.C0CC
£.C0OCC
2.32333
2.50CC
2.00C0
1.66€7
1.428¢
1.25cCC
l1.1111
1.CC0C

PORE VCLUME

(vvQ)
C.0
12.5000
6.2500
4.1661
3.1250
Z2.50C0
¢.0833
1.78517
1.5625
1.2889
1.2500

1l.5214
1.6312

1.7074
1.7589
1.7925
1.8136
l.8261
1.8330
l.8364
1.8375

CONCENTRATION
(C)
1.3794
1.5423
l.6611
1.7474
1.8098
1.854¢6
1.8865
1.9087
1.9238
1.9329
1.9363

CONCENTRATIGN
(C)
1.3815
1.5456
l.6659
1.7540
1.8185
1.8656
1.8999
1.9245
1.9417
1.9525
1.9565

CONCENTRATIGN
(C)
1.5819
1.5461
l.6667
1.7552
1.8200
1.8676
1.9023
1.9274
1.9450
l.9561
1.9603

cocococco00rc0cO0rOO

NUMBER
OF TERMS

ococoCcrcCc0cr0r0 00

NUMBEK
GF TERMS

oo Pproo

NUMBER
OF TERMS

PN S I NP I N N N I
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3k e e 3k ook 3k afe sk 3k ik o o ek e 3k ol sk ok o kol 3k o e o i o o skl 3k ke e 3k e ek ak Sk ke sk ik e s 3 kool s o ik 3k e o e o e e e e Xk 3k ok Aok

EXAMPLE C8-2

36 3¢ 3¢ 3t 46 3t 3t 36 36 3t 36 3 36 3¢ 3t

THIRD-TYPE BOUNDARY CCNDITICN
FINITE PROFILE

ZERO-CROER PRODUCTION (DZERC)
FIRST—ORDER DECAY (DCNE)

LINEAR ADSORPTICN (R)

CONSTANT INITIAL CONCENTRATION (CI)
INPUT CCNCENTRATION

CO (T.LE.TO)
0 (T.GT.TO)

non

ONE-DIMENSIONAL CONVECTIVE-CISPERSIVE EQUATION

3 3 36 3 3t 3 3 3 3 3 a3 3

0 e 3 e e e ok Ak sk o o obe o s e e e o e ek e 3k Ak e ok ek X3k 3 3k e ok k3 ok Rk Ak el ik sk ik ol ol ol o 3k 3ok 3k K ol 3k 3¢ s e ok e e e e ok ok s Aok ok

INPUT PARAMETERS

vV = 25.0000
R = 3.0000
DZERO = 0.5000
DONE = 0.2500
TOL = 0.00010

CALCULATED EIGENVALUES

2.964207 5.931010
17.865546 20.872271
32.9963868 36.050045
48.331425 51.415853
DISTANCE TIME

(x) (T)
0.0 2.5000
5.0000 2.5000

10.0000 2.5000

15.0000 2.5000

20.0000 245000

25.0000 2.5000

30.0000 2.5000

35.0000 2.5000

40.0000 2.5000

45.0600 2.5000

50.0000 2.5000

55.0000 2.5000
60.0000 2.5000
65.0000 2.5000
70.0000 25000

75.0000 25000

80.0000 2.5000
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D = 37.5000
10 = 5.0000

Cl = 0.0
co = 1.00000
8.902794 11.881558
23.889085 2€.915772
39.110745 42.178296
54.504837 57.59792¢

PORE VCLUME
(vvi)
C.0
12.5000
6.2500
4.16€17
3.1250
<.5000
2.0833
1.78517
1.5625
1.3886
1.25C0
l.13¢4
1.04117
C.S€1%
€.8925
C.8323
C.78612

14.868811
29.951892
45.252056

60.694713

CONCENTKATION

(C)
1.0133
1.0478
1.0407
0.9560
0.7900
0.6034
0.4681
0.4027
0.3815
0.3769
0.3762
0.3761
0.3761
0.3761
0.3761
0.3761
0.3761

NUMBER
OF TERMS

CO0OO0OO0OO0O0OO0O0OO0ODOO0COO0OOOO



85.0000 2.5000 C.73£3 0.3761 0
90.0000 2.5000 C.6944 0.37¢61 0
95.0000 2.5000 C.€576 0.3761 0
00.0000 2.5000 C.€25C 0.3761 0
JISTANCE TIME PCRE VOLUME CONCENTRATION NUMSER
(x) (T) {vva) (C) OF TERMS
0.0 5.0000 C.0 1.0146 0
5.0000 5.0000 25.00C0 1.0617 0
10.0000 5.0000 12.5000 1.1059 0
15.0000 5.0000 8.3333 l.1452 0
2C0.C000 5.0000 €.2500 1.1745 0
25.0000 5.0000 5.00C0 1.1849 0
30.0000 5.0000 4.16¢€17 1.1650 0
35.0000 5.0000 3.5714 1.1077 0
40.0000 5.0000 3.125C 1.0182 0
45.0000 5.0000 21718 0.9149 0
50.0000 5.0000 25006 O0.8¢12 0
55.0000 5.0000 2.2721 U.7528 0
60.0000 5.0000 2.0823 0.7122 0
65.0000 5.0000 1.9221 0.6926 0
70.0000 5.0000 1.7€57 0.6849 0
75.0000 5.0000 1.66€1 0.0824 0
80.0000 5.0000 1.5625 0.6817 0
85.0000 5.0000 l.47Cé¢ 0.6815 0
90.0000 5.0000 1.388S 0.6815 0
95.0000 5.0000 l1.3158 0.6815 0]
100.0000 5.0000 1.250C 0.6815 0
DISTANCE TIME PCRE VOLUME CONCENTRATION NUMBER
(X) (T) (vvC) (C) OF TERMS
0.0 7.5000 C.0 0.0303 0
5.0000 7.5000 37.5000 0.1367 0
10.0000 7.5000 18.7500 0.2737 0
15.0000 7.5000 12.5000 0.4725 0
20,0000 7.5000 9.3750 0.7296 0
25.0000 7.5000 75000 0.9830 0
3C.0000 7.5000 €.2500 1.1652 0
35.0000 7.5000 535171 1.2626 0
40.0000 7.5000 4.6815 1.3027 0
45.0000 7.5000 4.16€7 1.3104 0
50.0000 7.5000 2.750C 1.294¢6 0
55.0000 7.5000 3.4061 1.2569 0
60.0000 7.5000 3.12%0 1.2014 0
65.0000 7.5000 2.884¢€ 1.1365 0
70.J000 7.5000 2.€T7E6 1.0725 0
75.0000 7.5000 2.5CCO 1.0186 0
80.0000 7.5000 Z.3438 0.9792 0
85.0000 7.5000 <.2056 0.9543 0
90.0000 7.5000 2.0833 0.9405 0
35.C000 7.5000 1.9737 0.9338 0
100.2000 7.5000 1.8750 0.9314 0
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DISTANCE
(X)

0.0
5.0000

10.0000
15.0000
20.0000
25.0000
30.0000
35.0000
40.0000
45,2000
50.0000
55.2000
60.0000
65.0000
70.0000
75.0000
80.0000
85.0000
$0.0000
95.000
100.0000

DISTANCE
(X)
0.0

5.0600
10.0000
15.¢000
20.0000
25.0000
30.0000
35.0000
40.0000
45.0000
50.0000
55.0000
60.0000
6£5.0000
70.0000
75.0000
80.0000
85.0000
90.0000
95.0000
100.0000
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TIME
(1)

10.0000
10.0000

10.0000
10.0000
10.0000
10.0000
10.0000
10.0000
10.0000
10.0000
10.0000
10.0000
10.0000
10.0000
10.0000
10.0000
10.0000
10.0000
10.0000
10.0000
1C.0000

TIME

(1)
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000

PORE VCLUME

(VvG)

C.0
50.0000

25.00CC
1é.6€¢€17
12.5000
1C.00CGC
8.3333
1.1429
€.2500
£.5556
5.00CC
4.5455
4.1667
2.8462
2.5714
2.3333
2.125C
249412
2.7718
2.6216
2.50C0

PGRE VOLUME

(vva)
C.0
62.50C0
31.250C
2C.83232
15.€250
12.5C00
10.4167
£.528¢
7.812°¢
€.9444
€.2500
5.€818
5.2C83
4.80177
4.4643
4.1€€7
2.90¢€2
3.67¢€5
3.4722
2.2865
2.1250

CONCENTRATION
(C)

0.0291
0.1240

0.2151
0.3042
0.3962
C«4590
0.6220
0.7697
0.9347
1.0973
1.2349
1.3329
1.3896
l.4all?
1.4080
1.3855
1.3497
l.3067
1.2622
1.2219
1.19¢66

CONCENTRATION
(C)
0.0291
0.1239
0.2141
0.3000
0.3820
0.4608
0.5375
0.6143
0.6949
0.7833
0.8829
0.9939
l.1116
le2270
1.3293
1.4098
l.4642
1.4932
1.5003
1.4908
1.4772

NUMBER
OF TERMS

(ejooNaNoNooNeoNaNoNeNooNoNoNoNoNoNeola]

NUMBER
OF TEKMS

(eNeoNoNoNoNaoNoNoNoNaoNoloNeNoNoNollooNoNoNe



Table 13.--Fortran listing of computer program N1 (numerical solution)

OO0 OOOONHO

[aXe]

~N W,

MAIN

e 0k e e e ofeofe e e e deofeo el e e o ok ok e bk oo o e ok e ke e g e e e o o skl e Aok e ok ook ok ok
ONE-DIMENSIONAL CCNVECTIVE-DISPERSIVE EQUATION N1

NUMERICAL SOLUTIGN

ZERQO-CORDER PRCDUCTION (DZERO)
FIRST-ORDER DECAY (DONE)

* *
* *
* *
* *
* *
* LINEAR EQUILIERIUM ADSORPTION (R) *
* *
* *
* DECAYING BOUNCARY CONDITION (DBND) *
% %*
% *

0% 4 e e o e e e e s ek s e o 3 o e o e o e e e ol ke o e ok o ol ek e e o ol o ke s ek o o e ek ek Kk Ok

DIMENSION TITLE(20),C(200),F(200),U(200),X(200)

READ(5,1000) NC

D0 14 KK=1,NC
READ(5,1001) TITLE
WRITE(6,1002) TITLE

—=-——— READ AND WRITE INPUT PARAMETERS ————

READ(5,51003) NEJNSTEPS KSURFoKINITsDELXsDELT,PRDEL+DZERU,DONE,DBND
READ(5,1004) V4D,R,CI,CA,CB,TO

IF(KSURF<EQ.3) WRITE(£é,1005)

IF(KSURF.EQ.1) WRITE(&4510C¢)

WRITE(6,1007)

DB=ABS(CBND)

IF(DB.LT.0.00001) CB=C

WRITE(6,1008) NEsDELTsTOoNSTEPS,DELXyDZEROyV+CI,DONEsCyCAsDBNDsR,C
18

NN=NE+1

IF(KINIT) 1,3,5

DO 2 I=14NN

C(I)=ClI

GO TO ¢

Y=SGRT (VXV+4,*DONE*D)

DC 4 I=14+NN
C(I)=DZERO/DONE+(CI-DZERC/CUNLI*EXP((V=Y)*X(I)/(2.%D))
GO TO 6

READ(5,1004) (C(I),I=1,4NN)
DO 7 I=14NN
X(I)=(I-1)*DELX
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MAIN

V=V*DELT/DELX
D=D*DELT/DELX**2
RN=(R+045%DELT*DONE)/ 6.
RO=(R-0.5%DELT*DONE)/6.
DZERO=DCZERO*DELT
DN=D-V*V/6.

DO=D+V*V/6.
EN=-0.5%DN+0 . 25%V+RN
E0=0.5%D0—0.25%V+RO
BN=-0.5%DN-0.25%V+RN
BO=0.5%D0+0.25%V+R0
U(1)=0.5%DN+0.25%V+2. *RN
IF(KSURF.EQ.1) U(1)=1.0
DN2=DN+4 + *RN
D1=-0.5%D0—0. 25%V+2. %R0
D2=-D0+4.*R0

BND=1.0

IF(DB.GE.0.00001) BND=(EXP(DBEND*DELT)—1.)/(DBNO*DELT)
IPRINT=PRDEL/DELT
TIME=0.0

IF(KSURF.EQ.1) C(1)=CA+(B
WRITE(6,1009) TIME, (X(I),C(I)sI=1,NN)

C
C ~——-— DYNAMIC PART GF PRCGRAM —=——-
DO 12 1I=1,NSTEPS, IPKINT
DU 11 JJ=1,IPRINT
TIME=(II+JJ-1)*DELT
IF(TIME.3T.TO) CA=0.0
IF(TIME.GT.TO) CB8=0.0
c
c - CCNSTRUCT KNOWN VECTCR———-
EXT=CB*EXP(—DBND*T IME)
IF(KSURFeEQel) F(1)=CA+EXT |
IF(KSURF.EQ.3) F(1)=D1%#C(1)+E0%C(2)+0.5%DLeRI+V*{CA+BND*EXT)
DO 8 I=2,NE
8 F(I1)=BO*C(I-1)+22%C(1)+E0*C(I+1)+DZEKG
C
C ————— SOLVE FOR NEW VALLES —=————-

R=BN/U(1)
F(2)=F(2)-R*F(1)
IF(KSURFeEG.1) R=0.0
U(2) =DN2-R*EN
DO 9 1=3,NE
R=BN/U(I-1)
U(1)=DN2-R*EN

9 F(I)=F(I)-R*F(I-1)
CINN)=F(NE)/(U(NE)+EN)
DO 10 I=2,NN
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10
11
12
14

1000
1001

1002

1003
1004
1005
1006
1007
1008

1009

MAIN

K=NN+1-1I

C(K)I=(F(K)-EN*C(K+1)) /U (K)
IF(KSURF.EQ.1) C(1)=F(1)
WRITE(641009) TIME, (X(I)sC(I)sI=1,NN)
CONTINUE

FORMAT (I5)

FORMAT (20A4)

FORMAT(1H1,10X,82(1H*)/11X,1H%*, 80Xy 1H*/11Xy1H*49X, *ONE-DIMENSIONAL
1 CONVECTIVE-DISPERSIVE EQUATION' 25Xy 1H*/11Xy1lH*480Xs1H*/11Xs1H%*4S
2Xys "NUMERICAL SOLUTICN® 453X s1H*/11X91H*480Xy 1H*/11Xy1H*,9X, 'LINEAR
BEQUILIBRIUM ADSORPTICN (R)'y38Xy1H*/11X,y1H*,9Xy *ZERCG—CROER PRODUCT
4ION (DZERO) ' 442Xy 1H*/11X91H*99Xy '"FIRST-URDER DECAY (DCNE) 'y 47X,y 1H*
5/11X491H%*y9X, "DECAYING BCUNDARY CONDITION (UBND) '937Xy1H¥/11Xy1H*,8
60Xy 1H*/11X s 1H*420A4 91 H*/11Xy1H%*, 80X, 1H*)

FORMAT (41546F10.0)

FORMAT (8F10.0)

FORMAT (11Xy1H*,9Xy 'THIRD—=TYPE BOUNDARY CONDITION®+42Xs1H%*)

FORMAT (11X91H*,9Xy *FIRST=-TYPE BOUNDARY CONDITION'y42Xy1H¥*)

FORMAT(11Xys1H*,80Xy1H*/11X,82(1H%*))

FCRMAT(//11X, *INPUT PARAMETERS'/11Xs16(1H=)//11Xs"'NE ='y6Xs15415X,
1'DELT ="9F9.4 415X+ 'TO ="yF11le4/11Xy *NSTEPS ="'417415Xy'DELX ='4F9.4
2915X 4 'DZERD ='4F8.4/11Xs'V ="4F12.4915X4'Cl ='yF11.4,15X,'DONE ="',
3FGe4/11X9'D ="9F1l2.4915X9'CA ="3F11.4915Xs'DBND ='4F9.4/11Xy'R =1,
4F12.4415X,'CB ="4Flle.4)

FORMAT(/11X5103(1H*)//11X,'"CONCENTRATION AT TIME =',F10.4//3X,5(8X
1, "DEPTH'94X, 'VALUE')/(4X45(2XsF10429F10.4)))

STOP

END
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Table 14.--Sample output from computer program N1 (numerical solution)

ook ok ok ok ok dkokk ok ok R okok R ko ok Rk Rk Rk kR kR ok Rk Rk kR Rk ko Rk kR Rk R KRR KRR

*
*
*
*
*
*
*
*
*
*
*
*
*
*
*

INPUT PARAMETEKS

ONE-DIMENSIONAL CONVECTIVE-CISPEKSIVE EQUATION

NUMERICAL SOLUTION

LINEAR EQUILIBRIUM ADSCRPTICN (R)

ZERO-ORDER PRODUCTIUN

FIRST-ORDER DECAY (DCNE)
DECAYING BOUNDARY CCNDITICN (DBND)

EXAMPLE A3-1
FIRST-TYPE BOUNDARY CONDITIGN

4.0000
1.0000

(P=5)

(DZERQ)

0.2000
0.5000
0.0
1.0000
0.0

33 2 o ek Rk e % ok e A o ok ookl ol oo ol e o ok o ok e ok kool ok e o 2 o e e e ek e e e ke ool Xk o el o e i 3ok ke ok ook ook ok ook ok

T0 = 1000.0000
LZEROD = 0.0
DUNE = 0.0
DBND = 0.0

»
*
*
*
*
*
*
*
*
*
*
*
*
*

e e e ek 3k Ak e o o ok o i e ol ok ool e e e o ko ol ook ok e ko kol 3 ok o e el o 3ok e ek ol ok e e ok ok oK 3 kok o ok ok ok ok ok Rk Rk ok R Rk kX

CONCENTRATILN AT TIME

DEPTH
0.0
2.50
5.00
7.50

10.00

12.50

15.00

17.50

20.00

VALUE
1.0000
0.0

OO0OoOO0OO0OOO
® o o o o o
[eleNoNeNoNaNo)

DEPTH
0.50
3.00
5.50
8.00

10.50

13.00

15.50

18.00

>

cococoocooor
m

O0OO0OO0OOCOOKL

e o o o 0 0 0 o

DEPTH
1.00
3.50
6.00
8.50

11.00

13.50

16.00

18.50

>

[eNeoNeNoloNe ol C)E
m

[eNeN-NeleNoloNak |

DEPTH
l.50
4.00
6450
9.00

11.50

14.00

16.50

19.00

>

ocoocoo C)C>C>E
m

[NeN-NeNeoNoNaNok <

e o o o & 5 o

DEPTH
2.00
4«50
7.00
9.50

12.00

14.50

17.00

19.50

>
[
m

[eNN-NoNoNoRoNoX <
)

coocococooor

e e o o e e e ok S o o o ok ol o e o e o e e o e ok o e ook ek ke o ok ok el ol o ool e ak ok o ok X o el o o e ok e ool el o X o ok ok 3k R Kk ok ok ok ok ok KK

CONCENTRATICN AT TIME =

DEPTH
0.0
2.50
5.00
7.50

10.00

12.50

15.00

17.50

20.00

VALUE

1.0000
0.8750
0.6595
0.5043
0.3235
0.1830
0.0909
0.0413
0.0268

DEPTH
0.50
3.00
5.50
8§.00

10.50

13.00

15.50

18.00

5.00CC

VALUE

0.5818
0.8424
0.6610
0.4656
0.2917
0.1608
0.C779
0.0357

DEPTH
1.00
3.50
6.00
8.50

11.00

13.50

16.00

18.50

VALUE

0.9532
0.8089
0.6219
0.4285
0.2616
0.1405
0.0666
0.0313

DEPTH
1.50
4.00
6.50
9.00

11.50

14.00

16.50

19.00

VALJUE

0.9346
0.77 50
0.5626
0.3921
0.2334
0.1221
0.0507
0.0285

DEPTH
2.00
450
7.00
9.50

12.00

14.50

17.00

19.50

VALUE

0.9019
0.73172
0e5455
0.3570
0.207¢
0.1050
0e0403
000206

e e e e e ke ke ek e ok oo o ok kg ol ko e gl ook b 3 ook e 3 ook e e o ok el o e e ook ok kol e e ok ool ko kR o ok ol R ok ool ook dokokok kR ok kR oKk Rk

CONCENTRATION AT TIME =
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10.000C



DEPTH VALUE DEPTH VALUE DEPTH VALUE DEPTH VALUE DEPTH VALUE

0.0 1.0000 0.50 0.9620 1.00 0.9835 1.50 0.9733 2.00 0.9628
250 0.9506 3.00 0.9376 3.50 0.9237 4.00 0.9087 4450 0.8926
5.00 0.6754 5.50 0.8572 6.00 0.8380 6.50 0.8178 7.00 0.7968
7.50 0.7750 8.00 0.7524 8.50 0.7291 9.00 0.7052 9.50 0.6807
10.00 0.6559 10.50 0.63C8 11.00 0.6054 11.50 0.5800 12.00 0.5546
12.50 0.5294 13.00 0.5045 13.50 0.4800 14.00 0.4561 14.50 0.4330
15.00 0.4107 15.50 0.3896 16.00 0.3697 16.50 0.3514 17.00 0.3347
17.50 0.3200 18.00 0.3C75 18.50 0.2976 19.00 0.2906 19.50 0.2869
20.00 0.2869

2 3 e o ol e e ok e ol e ok Aotk ook e e ok ook Rk ok K ok e ok 3 3k 3k 3ok ok ok ol sk ko o i i ki ok k3 k30K 3k K Rk ok 3ok ok kR 3ok ko Rk 3 OK oK kok ko ok ok ok koK Kok

CONCENTRATION AT TIME = 15.000C

DEPTH VALUE DEPTH VALUE DEPTH VALUE DEPTH VALUE DEPTH VALUE
0.0 1.0000 0.50 0.5562 1.00 0.9919 1.50 0.9872 2.00 0.9819
2.50 0.5761 3.00 0.5657 3.50 0.9628 4.00 0.9553 4.50 0.9472
5.00 0.9384 5.50 0.9290 6.00 0.9190 6.50 0.9084 7.00 0.8972
7.50 0.£653 8.00 0.8729 8.50 0.8599 9.00 0.8463 9.50 0.8322
10.00 0.8176 10.50 0.802¢ 11.00 0.7873 11.50 0.7716 12.00 0.7556
12.50 0.7395 13.00 0.7234 13.50 0.7072 14.00 0.6912 14.50 046755
15.00 0.6601 15.50 0.€453 16.00 0.6312 16.50 0.6180 17.00 0.6060
17.50 0.5952 lc.00 0.5861 18.50 0.5787 19.00 0.5735 19.50 0.5707

20.00 0.5707

PR R RS SRR S S RS R R R R RS SRR R RS R R RS2 22 RS RS 2 A2 22222 R 22 22 22 R 222 222 SRR R R 2 R 2 S R 2 AR 2 L R L 2 2

CONCENTRATION AT TIME = 20.000C

DEPTH VAL UE DEPTH VALUE DEPTH VALUE DEPTH VALUE DEPTH VALUE
0.0 1.0000 0.50 C.5580 1.00 0.9958 1.50 0.9933 2.00 C.9905
2.50 0.9875 3.00 0.5¢€41 3.50 0.9804 4.00 0.9764 4450 0.9721
5.00 0.9674 5.50 0.5624 6.00 0.9570 650 0.9513 7.00 0.9452
7.50 0.9387 8.00 0.9319 8.50 0.9247 9.00 0.9172 9.50 0.9093
10.00 0.9012 10.50 0.86217 11.00 0.8840 11.50 0.8751 12.00 0.8660
12.50 0.8567 13.00 0.8474 13.50 0.8380 14.00 0.8287 14.50 0.8194

15.00 0.8104 15.50 0.8017 16.00 0.7934 16.50 0.7855 17.00 0.7754
17.50 0.7719 18.00 0.7665 18.50 0.7621 19.00 0.7589 19.50 0.7575

20.00 0.7573

o 3 o o e gk o ok 3k ool 3k gk Xk ok ok o 3 ok ool ok e ok ok ook kol ok k Rk koK Rk R Bk K R ok R R ok ok ROK R ok Rk ok ok ok ok ok Kok ko ok ok ok Xk ok ok ko

CONCENTRATION AT TIME = 25.000C

DEPTH VALUE DEPTH VALUE DEPTH VALUE DEPTH VALUE DEPTH VALUC
0.0 1.0000 0.50 0.5586 1.00 0.9977 1.50 0.9964 2.00 0.9949
2.50 0.9932 3.00 0.5514 3.50 0.9894 4.00 0.9872 4.50 0.984S
5.00 0.5823 5.50 0.5756 6.00 0.9706 6.50 0.9735 7.00 0.970¢2
7.50 0.9666 8.00 0.96265 8.50 0.9589 9.00 0.9548 9.50 0.9504
10.00 0.9459 10.50 0.5413 11.00 0.9364 11.50 0.9315 12.00 G.9<04
12.50 0.9212 13.00 0.916C 13.50 0.9108 14.00 0.9056 14.50 0.9004
15.00 0.8953 15.50 0.8504 16.00 0.8858 16.50 0.8814 17.00 0.8773
17.50 0.8737 18.00 0.870¢ 18.50 0.8681 19.00 0.8664 19.50 0.8654

20.00 0.8654
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ONE-DIMENSICNAL CONVECTIVE-CISPERSIVE EQUATIGCw

NUMERICAL SOLUTION

LINEAR EQUILIBRIUM ADSCKPTICN (R)
ZERO-CRDER PRODUCTION (DZERC)

DECAYING BOUNDARY CONDITICN (DBND)

EXAMPLE Bl4-1

THIRD-TYPE BOUNDARY CCNDITICN

*x
*x
x
*x
*
x
*
* FIRST-ORDER DECAY (DGNE)
x
*
*
*
*
E 3
*

ek e 3 ek Aok 2ok ok ol e e ok ok e e ok ek ol ok ok b o a3 s ek e ok 3 e ek ok 3ok e e 3 ko ok e kol ok el ko ek ok ok ke ok

INPUT PARAMETERS

NE = 40
NSTEPS = 125
VvV = 25.0000
D = 37.5000
R = 3.0000

DELT
DELX
Cl
CA
cB

o

0.1000
2.5000
0.0
0.0
10.0000

T0 =

JZERGC

DUNE
DBND

1000.0000
= 0.5000
0.0

0.2500

*
*
*
*
*
*
*
*
*
*
*
*
*
*
*

00 2 30 o ik o ok ok s 3 %% ek e 3o ook 3k X e e ok o o3k e e 3ok ook ok 2 A e e Xk e ek 3k ok o ek ok ok i ok o o e ke 2k ook ko 3 e 2 e ok o A e ook e ok e A Rk X

CCNCENTRATICN AT TIME

DEPTH v

0.0 0
12.50 0
25.00 0
37.50 0
50.00 0
€2.50 0
75.00 0
87.50 [s]
100.00 0

DEPTH

2.50
15.00
27.50
40.00
52.50
65.00
77.50
90.00

>

[eNoN-NeolNoNe] CICIE
m

OCOO0OO0OO0OO0OOOKLK

e o o 0 o 0 o o

DEPTH

5.00
17.50
30.00
42.50
55.00
67.50
80.00
92.50

>
C
m

OO0OO0OO0OO0OOCO<
® o o 0 s 0 0 o

coococooooCor-

DEPTH

7.50
20.00
32.50
45.00
57.50
70.00
82.50
95.00

C.
(34

OCoCcoocCcoOoOo<

o o ® o & % o b Y

[eNoNeNoNoNoNoNoN o

DEPTH
10.00
22.50
35.00
47.50
60.00
72.50
85.00
97.50

>
C
"

[eNeNoNeNoNoNoNak <
e o o 8 o & o o

coococoocoocr

LR 22222 SRR R P22 S 22 222 R 2 R R 22222 2 e R R 22 S22 R 222 R R 222 R R R RS RS RS 2 RS2 S X R R 2 2 R 2 R 2 S

CONCENTRATICN AT TIME

DEPTH VALUE
0.0 5.6214
12.50 6.9274

25.00 3.0287
37.50 0.5420
50.00 0.4168
62.50 0.4167
75.00 0.4167
87.50 0.4167
100.00 0.4167

DEPTH

2.50
15.00
27.50
40.00
52.50
65.00
77.50
90.00

2.5C0C

VALUE

6.CS18
6.5612
2.1557
0.4€46
0.4167
0.4161
0.4167
0.4167

DEPTH

5.00
17.50
30.00
42.50
55.00
67.50
80.00
92.50

VALUE

6.5153
5.9075
1.4732
0.4323
0.4167
0.4167
0.4167
0.4167

DEPTH

7.50
20.00
32.50
45.00
57.50
70.00
82.50
95.00

VALUE

6.8443
5.0253
0.9977
0.4209
0.4l67
0.4167
0.4167
0.4167

DEPTH
10.00
22.50
35.00
47.50
60.00
72.50
85.00
97.50

VALUE

7.0058
4.0229
0.7032
0.4176
0.4167
0.4167
0.4167
0.4l67

ERREERR AR RR KRR KRR G R RRRRR R R IR SRR KRR R R KRR R R TR R KR KRR KRR R kR kR Rk kR R Rk kX kR ARk kR Rk k&

CCNCENTRATION AT TIME
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W

3354

DEPTH VALUE DEPTH VALUE DEPTH VALUE DEPTH VALUE DEPTH VALUE
0.0 3.0357 2.50 3.3212 5.00 3.6457 7.50 3.9792 10.00 4.3305
12.50 4.6959 15.00 5.06€7 17.50 5.43176 20.00 5.7861 22.50 6.0926
25.00 6.3309 27.50 6.4737 30.00 6.4958 32.50 6.3787 35.00 6.1158
37.50 5.7144 40.00 5.1672 42.50 445993 45.00 3.9636 47.50 3.3342
50.00 2.7500 52.50 2.2399 55.00 1.8199 57.50 1.4935 60.00 l1.2539
62.50 1.0880 €5.00 0.5795 67.50 0.9127 70.00 0.8740 72.50 0.85¢9
75.00 0.8422 17.50 0.8371 80.00 0.8348 82.50 0.0338 85.00 0.8335
87.50 0.8334 90.00 0.8333 92.50 0.8333 95.00 0.8333 97.50 0.8335

100.00 0.8333

AR R R R R Rk kR kR kokk xRk kxR Rk Rk ko Rk kR kR kR kR Rk ok ko Rk Rk ko kR Rk & KRk Rk Rk KRRk kK

CONCENTRATION AT TIME = 7.500C
DEPTH VALUE DEPTH VALUE DEPTH VALUE DEPTH VALUE DEPTH VALJE
0.0 1.6389 2.50 1.8207 5.00 2.0132 7.50 242174 10.00 244340
12.50 2.6641 15.00 2.9C84 17.50 3.1675 20.00 3.4418 2250 3.7311
25.00 4.0343 27.50 4.3491 30.00 4.6715 32.50 4.9954 35.00 5¢31c4
37.50 5.6117 40.00 5.8800 42.50 6.1026 45.00 6.2641 47.50 643503
50.00 6.3494 52.50 6.2541 55.00 6.0628 57.50 5.7805 60.00 5.4191
62.50 4.5959 ©5.00 4.5326 67.50 4.0528 70.00 3.5794 72.50 3.1327
75.00 2.7285 77.50 2.3772 80.00 2.0837 82.50 1.8476 85.00 l.ob4y
87.50 1.5287 90.00 l1.431C 92.50 1.3636 95.00 1.3187 97.50 l.2058

1€0.00 1.2898

0 200 2 o e e o ot o o o o R o o K o ok K ok ok ok o ok ok o o oK X R R ok R Ak ok kR R Kok ok ok o Rk koK koo Rk kR kKR Rk Rk kK

CONCENTRATION AT TIME = 10.0000
DEPTH VALUE DEPTH VALUE DEPTH VALUE DEPTH VALUE DEPTH VALUE
0.0 0.8912 2.50 1.0117 5.00 1.1380 7.50 1.2706 10.00 1.4099
12.50 1.5565 15.00 1.7111 17.50 l.8741 20.00 2.0464 22.50 2.22006
25.00 2.4214 27.50 2.6255 30.00 2.8415 32.50 3.0700 35.00 3.3112
37.5)0 3.55651 40.00 3.8310 42.50 4.1077 45.00 4.3930 47.50 4.6834
50.00 449743 52.50 5.2567 55.00 5.5319 57.50 5.7823 60.00 6.0011
62.50 6.1782 65.00 6.3036 67.50 6.3694 70.00 6.3683 72.50 602965
75.00 6.1536 77.50 5494265 80.00 5.6716 82.50 53498 85.00 4.9907
87.50 4.6088 90.00 4.2191 92.50 3.8358 95.00 3.4720 97.50 3.1540

100.00 3.1540

ok K K R OK K K K Rk ok ok e ek i ok gk ko ok ko ok K R Kk o K oK ok oK KR K KK K R ok R kR R R R ok ok kR ok ok R ok ko Kok kR ok Rk ok R Rk K kK

CGNCENTRATICN AT TIME = 12.5¢C0C
DEPTH VALUE DEPTH VALUE DEPTH VALUE DEPTH VALUE DEPTH VALUE
0.0 0.4910 2.50 0.57€7 5.00 0.6696 7.50 0.7638 10.00 0.8616
12.50 0.9633 15.00 1.0¢€93 17.50 1.1798 20.00 1.2953 22.50 l.4162
25.00 1.5428 27.50 1.6758 30.00 1.8155 32.50 1.9625 35.00 2.1173
37.50 2.2807 40.00 2.4530 42.50 2.6350 45.00 2.8271 47.50 3.0299
50.00 3.2436 52.50 3.46E3 55.00 3.7037 57.50 3.9494 60.00 4.2039
62.50 4.4656 65.00 4.731¢ 67.50 4.9985 70.00 5.2618 72.50 5.5160
75.00 5.7548 17.50 5.5715 80.00 6.1587 82.50 6.3092 85.00 6.4162
87.50 6.4739 90.00 6.4781 92.50 6.4265 95.00 6.3216 97.50 6.1898

100.00 6.1898
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